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K2Mi2 KBbm`iQ bQMQ H2 +QQ`/BMi2 /2HH2 T`QB2xBQMB bmB
b2MbQ`B- `BbT2iiQ  `B72`BK2MiB T`QT`B /B +Bb+mM 7QiQ+K2` U};m` RXkVX
_BbT2iiQ  iHB bBbi2KB /B +QQ`/BMi2 H2 b+Bbb2 bQMQ `BbT2iiBpK2Mi2 usx =
xsx + W/2 T2` BH b2MbQ`2 /B bBMBbi` 2 udx = xdx   b + W/2 T2` BH b2MbQ`2
/B /2bi`X ZmBM/B /2}M2M/Q H /BbT`Bi¨ d +QK2 H /Bz2`2Mx i` [m2biB /m2
pHQ`B
d = udx   usx =( xdx   b   xsx)





+QM b 2 f T`K2i`B ;2QK2i`B+B MQiB 2 +QbiMiB T2` mM bi2bb +QTTB /B BK@
K;BMB- 2 d / pHmi`2 T2` +Bb+mM +QTTB /B TmMiB +Q``BbTQM/2MiB UpH2 
Rk6B;X RXk, `TT`2b2MixBQM2 BM i`2 /BK2MbBQMB /2H bBbi2K +QM 7QiQ+K2`2 BM
TQbBxBQM2 +MQMB+X
/B`2, TmMiB +?2 bQMQ H2 T`QB2xBQMB /B mMQ bi2bbQ TmMiQ /2HHQ bTxBQVX AH +H+QHQ
/2HH2 +Q``BbTQM/2Mx2 +QbiBimBb+2 BH T`Q#H2K +`m+BH2 /2HH +`2xBQM2 /B mM
KTT +?2 bbQ+B mM /BbT`Bi¨  +Bb+mM TBt2H- 2 b`¨ /Bb+mbbQ BM b2;mBiQX
aB MQiB +?2 +QM BH TQbBxBQMK2MiQ /2B b2MbQ`B BTQiBxxiQ H p`BxBQM2
d ĕ TQbBiBp- 2bb2M/Q udx >u sx- K +?2 T2` 2z2iiQ /2H +TQpQH;BK2MiQ
/2HHǶBKK;BM2 `BbT2iiQ B +2Mi`B /B bBKK2i`B C 2 C  HQ bTQbiK2MiQ /2HH
T`QB2xBQM2 /B M ppB2M2 BM /B`2xBQM2 QTTQbi- b2 bB Qbb2`p HǶBKK;BM2 +Q`@
`2iiK2Mi2 Q`B2Mii U[mBM/B H T`QB2xBQM2 /B mMQ bi2bbQ TmMiQ bB i`Qp TBɍ
bBMBbi` M2HHǶ BKK;BM2 /B /2bi`VX
o BMQHi`2 Qbb2`piQ +?2 H i`iixBQM2 #B/BK2MbBQMH2 /2H T`Q#H2K UbB ĕ
bmTTQbiQ +?2 M bB H T`QB2xBQM2 bm XZ /B mM ;2M2`B+Q TmMiQ /2HHQ bTxBQV
MQM +QKTQ`i mMǶmHi2`BQ`2 `B/mxBQM2 /2HH ;2M2`B+Bi¨ /2HHǶBKTQbixBQM2X AM7i@
iB mM TmMiQ /2HHQ bTxBQ +QM Q`/BMi yM  =0bB T`QB2ii BM TmMiB /2B b2MbQ`B
p2MiB 2Mi`K#B Q`/BMi  fyM/zM- K2Mi`2 T2` HǶb+Bbb +QMiBMmMQ  pH2`2
H2 `2HxBQMB ;B¨ i`Qpi2X AM ;2M2`H2- T2` mM bBbi2K +QM +QQ`/BMi2 (u,v) /2H











 f 00 0












   
    zm = PM URXkV
RjRXk h`BM;QHxBQM2, +bQ ;2M2`H2
G2 `2HxBQMB /B T`QTQ`xBQMHBi¨ +?2 /2b+`BpQMQ H T`QB2xBQM2 /B mM TmMiQ bmB
/m2 b2MbQ`B TQbbQMQ 2bb2`2 K2bb2  bBbi2K M+?2 M2H +bQ TBɍ ;2M2`H2- [m2HHQ
/B mM [mHbBbB TQbBxBQMK2MiQ 2 Q`B2MiK2MiQ `2+BT`Q+B i` H2 7QiQ+K2`2RX
*QK2 ;B¨ /2iiQ- H2 BKK;BMB +[mBbBi2 /HH +QTTB /B 7QiQ+K2`2 7Q`MB@
6B;X RXj, T`QB2xBQM2 /B mM TmMiQ bm /m2 b2MbQ`B- BM bb2Mx /B BTQi2bB bmHH
HQ`Q TQbBxBQM2 `2+BT`Q+X
b+QMQ H2 +QQ`/BMi2 /2HH T`QB2xBQM2 /B mM TmMiQ `2HiBpK2Mi2 H `B72`BK2MiQ
T`QT`BQ /B +Bb+mM /BbTQbBiBpQ U`BbT2iiBpK2Mi2 (u,v) 2 (u ,v )VX S2` `BbQHp2`2
BH bBbi2K M2HH2 BM+Q;MBi2 x- y 2 z ĕ BMp2+2 M2+2bb`BQ b+`Bp2`2 H2 2[mxBQ@
MB `BbT2iiQ  mMQ bi2bbQ bBbi2K /B +QQ`/BMi2- 2 /2p2 [mBM/B 2bb2`2 MQi H
TQbBxBQM2 bbQHmi /2B /m2 /BbTQbBiBpB `BbT2iiQ  mM `B72`BK2MiQ }bbQX *Bǁ ĕ
2[mBpH2Mi2  +QMQb+2`2 BH p2iiQ`2 /B i`bHxBQM2 t U2 t V 2 H Ki`B+2 /B `Qi@
xBQM2 R U2 R V +?2 /2b+`BpQMQ H i`b7Q`KxBQM2 /HH2 +QQ`/BMi2 /2H bBbi2K
bbQHmiQ UMV  [m2HH2 `2HiBp2 HH 7QiQ+K2` UMcV,






A b2B T`K2i`B Ui`2 T2` R 2 i`2 T2` tV +?2 /2}MBb+QMQ H Ki`B+2 G bQMQ /2iiB
T`K2i`B 2bi`BMb2+BX
S2` Qii2M2`2 H2 +QQ`/BMi2 m U2 m V /HH2 +QQ`/BMi2 /B Mc- bB /2p2
+QMQb+2`2 H Ki`B+2 +?2 /2b+`Bp2 H T`QB2xBQM2 bmH b2MbQ`2 /B mM TmMiQ /2HHQ
bTxBQX hH2 Ki`B+2 +QbiBimBb+2 mM ;2M2`HBxxxBQM2 /2HH P T`2b2Mi2 BM
RGǶBKTQbixBQM2 /B [m2bi b2xBQM2 bB `B7¨ H +TBiQHQ 9 /B 6mbB2HHQ X oBbBQM2
*QKTmixBQMH2- kyyNX
R9URXkVX .Qp2M/Q i2M2`2 +QMiQ /2HH i`bHxBQM2 `BbT2iiQ H +2Mi`Q /2H b2MbQ`2 2
/2HH `Bb+Him` /2;HB bbB U/ mM KBbm` BM K2i`B bB Tbb  mM KBbm` BM
TBt2HV- bB `B+p mM i`b7Q`KxBQM2 +?2 Tmǁ 2bb2`2 b+`Bii BM 7Q`K b+H`2,
 
       




















 fku 0 u0 0












   
  URXjV
2 `++Q;HB2M/Q H Ki`B+2 K /2B T`K2i`B BMi`BMb2+B U+QbŢ bQMQ /2iiB B /m2
T`K2i`B /B i`bHxBQM2 u0 2 v0 2 B /m2 T`K2i`B /B b+H ku 2 kvV +QbiBimBi
/HH2 T`BK2 i`2 +QHQMM2- bB QiiB2M2 H 7iiQ`BxxxBQM2 K[I|0] 2 mMǶ2bT`2bbBQM2
TBɍ bBMi2iB+ /2HH i`b7Q`KxBQM2,
zcm = K[I|0]Mc
.2}M2M/Q H Ki`B+2 /B T`QB2xBQM2 T`QB2iiBp +QK2
P = K[I|0]G
H i`b7Q`KxBQM2 +QKTH2bbBpK2Mi2 /2b+`Bii ĕ,
zcm = K[I|0]Mc = K[I|0]GM = PM
/Qp2 BH 7iiQ`2 zc Tmǁ 2bb2`2 QK2bbQ b2 HHǶm;m;HBMx bB bQbiBimBb+2 H `2H@
xBQM2- TBɍ /2#QH2- /B m;m;HBMx  K2MQ /B mM 7iiQ`2 /B b+H UBM/B+i +QM
 V,
m   PM
amTTQM2M/Q Q` +?2 bBMQ MQi2 iHB Ki`B+B P 2 P   T2` 2Mi`K#2 H2 7QiQ+@
K2`2- 2 K2ii2M/QM2 BM 2pB/2Mx B p2iiQ`B `B;- bB ?,























R8*Bb+mM /B [m2bi2 2[mxBQMB Ki`B+BHB 7Q`MBb+2 mM +QTTB /B 2[mxBQ@
MB- +?2 bbB2K2 T2`K2iiQMQ /B b+`Bp2`2 BH bBbi2K +?2 ? T2` BM+Q;MBi2 H2
+QKTQM2MiB /B M,
 
   
 
(p1   up3)T
(p2   up3)T
(p 
1   u p 
3)T
(p 
2   u p 
3)T
 
   
 M = 0




(u   u )2 +( v   v )2
G T`Q+2/m` TT2M BHHmbi`i MQM +Q``BbTQM/2  mM +QM+`2iQ H;Q`BiKQ
/B +H+QHQ /2HH2 /BbT`Bi¨- K ĕ miBH2  BHHmbi``2 BH bB;MB}+iQ /2B T`K2i`B
K2MxBQMiBX GǶ2z2iiBpQ K2iQ/Q /B +H+QHQ BM7iiB M2+2bbBi /2HH +QMQb+2Mx
/B [m2biB pHQ`B 2 b`¨ /2b+`BiiQ bm++2bbBpK2Mi2X
aB B T`K2i`B BMi`BMb2+B +?2 [m2HHB 2bi`BMb2+B UQHi`2  [m2HHB /B /BbiQ`bBQM2V
TQbbQMQ 2bb2`2 biBKiB TTHB+M/Q H;Q`BiKB /B +HB#`xBQM2k- +?2 bB #bMQ
bmHHǶ+[mBbBxBQM2 /B BKK;BMB /B Q;;2iiB /B ;2QK2i`B MQijX
RXj :2QK2i`B 2TBTQH`2
AH +H+QHQ /2HH T`Q7QM/Bi¨ /B mM TmMiQ  T`iB`2 / BKK;BMB `2iiB}+i2 U+BQĕ
TQ`ii2  mM 7Q`K +?2 p2`B}+?B H2 BTQi2bB /2H +bQ B/2H2V bB #b bmHH
+QMQb+2Mx /2HH /BbT`Bi¨ /2HH2 b+Bbb2 UQ- TBɍ BM ;2M2`H2- H +QMQb+2Mx
/2HH2 +QQ`/BMi2V /2HH2 /m2 T`QB2xBQMBX hmiiQ +Bǁ T`2bmTTQM2 +?2 bB bB BM
;`/Q /B K2ii2`2 BM +Q``BbTQM/2Mx H2 T`QB2xBQMB /B mMQ bi2bbQ TmMiQX _BbmHi
[mBM/B +QMp2MB2Mi2 +QMQb+2`2 H `2HxBQM2 i` H2 +QQ`/BMi2 /2HH T`QB2xBQM2 m
/B mM TmMiQ M b2+QM/Q BH +2Mi`Q C bmH b2MbQ`2 Ssx- 2 BH HmQ;Q ;2QK2i`B+Q /2B
TmMiB +?2 TQbbQMQ 2bb2`2 HǶBKK;BM2 m  /2HHQ bi2bbQ TmMiQ b2+QM/Q BH +2Mi`Q
C  bmH b2MbQ`2 SdxX
6+2M/Q `B72`BK2MiQ HH };m` RX9- bB Tmǁ Qbb2`p`2 +?2 m Tmǁ 2bb2`2
T`QB2xBQM2 bm Ssx /B mMQ [mHbBbB /2;HB M1,M 2,...+?2 TT`i2M;QMQ HH `2ii
r- `;;BQ QiiB+Q TbbMi2 T2` m 2 CX A TQbbB#BHB m 
1,m  
2,... +Q``BbTQM/2MiB 
m bB i`QpMQ /mM[m2 HmM;Q H `2ii r  U/2ii HBM2 2TBTQH`2V- T`QB2xBQM2 bmH
kC2M@up2b "Qm;m2i- *K2` *HB#`iBQM hQQH#Qt 7Q` JiH#
?iiT,ffrrrXpBbBQMX+Hi2+?X2/mf#Qm;m2iDf+HB#n/Q+fX
jCMM2 >2BFFBH  2 PHHB aBHpûM  6Qm`@bi2T *K2` *HB#`iBQM S`Q+2/m`2 rBi? AKTHB+Bi
AK;2 *Q``2+iBQM RNNd *QM72`2M+2 QM *QKTmi2` oBbBQM M/ Sii2`M _2+Q;MBiBQMX
ReTBMQ /B Sdx b2+QM/Q BH +2Mi`Q C  /2HH `2ii rX AM KQ/Q 2[mBpH2Mi2 bB Tmǁ
/B`2 +?2 r  ĕ HǶBMi2`b2xBQM2 /2H TBMQ BM/BpB/miQ /B TmMiB m- C 2 C  U/2iiQ
TBMQ 2TBTQH`2V +QM BH TBMQ /2H b2MbQ`2 SdxX G `2ii T2` C 2 C  U#b2HBM2V
ĕ +QKmM2  imiiB B TBMB 2TBTQH`B- 2 H2 bm2 BMi2`b2xBQMB e 2/ e  +QM B TBMB /2B
b2MbQ`B bQMQ /2ii2 2TBTQHBX G2 HBM22 2TBTQH`B /B mMQ bi2bbQ TBMQ +QbiBimBb+QMQ
/mM[m2 mM 7b+BQ /B `2ii2 p2Mi2 T2` +2Mi`Q HǶ2TBTQHQX
lMǶB/2MiB+ +Qbi`mxBQM2 bB Tmǁ `2HBxx`2  T`iB`2 / mM TmMiQ bmH b2MbQ`2
6B;X RX9, ;2QK2i`B 2TBTQH`2X
Sdx- +2`+M/Q H2 TQbbB#BHB +Q``BbTQM/2Mx2 bm SsxX S2` 2b2KTBQ- M2HH };m` RX9-
H `2ii s ĕ H HBM2 2TBTQH`2 bbQ+Bi B TmMiB m 
1 2 m 
2X SQbbB#BHB M/K2MiB
/2HH2 HBM22 2TBTQH`B bQMQ BHHmbi`iB BM };m` RX8X lM +bQ miBH2 T2` H `B+2`+
/2HH2 +Q``BbTQM/2Mx2 ĕ [m2HHQ BM +mB BH 7b+BQ /2HH2 HBM22 2TBTQH`B /2;2M2`-
T2` B TBMB /B 2Mi`K#B B b2MbQ`B- BM mM 7b+BQ /B `2ii2 T`HH2H2X *Bǁ ++/2
[mM/Q H #b2HBM2 MQM BMi2`b2+ B TBMB /2HH2 BKK;BMB U+bQ c /B };m` RX8VX
SQbBxBQMM/Q BMQHi`2 B b2MbQ`B BM KQ/Q iH2 +?2 bBMQ +QTHM`B +QM
b+MHBM2 +QHHBM2`B- 2 +?2 H2 HBM22 2TBTQH`B bBMQ T`HH2H2  mM /2HH2 /m2
/BK2MbBQMB- bB QiiB2M2 mM bBimxBQM2 T`iB+QH`K2Mi2 pMi;;BQb BM i2`KBMB
QT2`iBpB, H `B+2`+ /2H TmMiQ +Q``BbTQM/2Mi2  m(um,v m) bm mM b2MbQ`2 Tmǁ
2bb2`2 HBKBii B bQHB TmMiB /B T`B Q`/BMi vm bmHHǶHi`Q b2MbQ`2X aB i`ii
/2HH bBimxBQM2 /2b+`Bii HHǶBMBxBQ /2H +TBiQHQ U};m` RXRVX
Rd6B;X RX8, TQbbB#BHB M/K2MiB /2HH2 HBM22 2TBTQH`B, V 2TBTQHQ BMi2`MQ HHǶ`2
/2H b2MbQ`2 #V HBM22 +QMp2`;2MiB p2`bQ mM 2TBTQHQ 2bi2`MQ H b2MbQ`2 +V HBM22
T`HH2H2- 2TBTQHQ +QHHQ+iQ HHǶBM}MBiQX
RX9 _BbQHmxBQM2 HmM;Q HǶbb2 Z
G `2HxBQM2 URXRV K2ii2 BM 2pB/2Mx H /BT2M/2Mx /B zM /H `TTQ`iQ b/dX
.H TmMiQ /B pBbi MHBiB+Q- M2HH bBimxBQM2 `TT`2b2Mii BM };m` RXR-
[m2biQ `TTQ`iQ ĕ +QbiMi2- T2`HQK2MQ }MiMiQ +?2 zM 2 f `BKM;QMQ T`Q@
TQ`xBQMHB- 2  K;;BQ` `;BQM2 b2 bQMQ +QbiMiBX AM T`iB+ T2`ǁ H p`BxBQM2
/B b +QKTQ`i mM +K#BK2MiQ M2HH `BbQHmxBQM2 HmM;Q HǶbb2 ZX *Bǁ ++@
/2 T2`+?û zM ĕ BMp2`bK2Mi2 T`QTQ`xBQMH2  mM ;`M/2xx /Bb+`2i Ĝ d bB
KBbm` BM TBt2H Ĝ 2 bbmK2 [mBM/B pHQ`B /Bbi`B#mBiB BM KQ/Q MQM HBM2`2 BM
mM BMbB2K2 }MBiQX SQbiQ +?2 H2 /BbT`Bi¨ T`2b2MiB BM mM +QTTB /B BKK;BMB
TT`i2M;MQ HHǶ BMi2`pHHQ [dmin,d max]- HHQ` H `BbQHmxBQM2 HmM;Q HǶbb2 Z
b`¨ KbbBK BM T`QbbBKBi¨ /B dmax 2 KBMBK pB+BMQ  dmin U};m` RXeVX
.2ii  d H KBMBK p`BxBQM2 /B /BbT`Bi¨- H pHQ`2 /B /BbT`Bi¨ BKK2@
/BiK2Mi2 bm++2bbBpQ  d +Q``BbTQM/2 mM T`Q7QM/Bi¨
z    z =
bf
d +  d
+?2 K2bb  bBbi2K +QM H URXRV TQ`i HHǶ2bT`2bbBQM2 /2HH `BbQHmxBQM2  z,
 z =
z2 d
bf + z d
H [mH2 T2` fb/z> > d- QbbB T2` z MQM 2++2bbBpK2Mi2 ;`M/2- Tmǁ 2bb2`2
+QbŢ b2KTHB}+i,
R36B;X RXe, /Bbi`B#mxBQM2 /2HH2 bmT2`}+B +QM Z +QbiMi2 2 pHQ`B /B /BbT`Bi¨
+Q``BbTQM/2MiB, V M2H +bQ /B mM #b2HBM2 T`B  bc "V M2H +bQ /B mM





G `BbQHmxBQM2 Tmǁ [mBM/B 2bb2`2 KB;HBQ`i mK2MiM/Q H #b2HBM2X J
ĕ mM QT2`xBQM2 +?2 T`2b2Mi +QMi`QBM/B+xBQMB- TQB+?ĕ i2M/2  `B/m``2 H2
+QTTB2 /B TmMiB BM +Q``BbTQM/2Mx i` HQ`Q- B bQHB T2` B [mHB ĕ TQbbB#BH2 +H@
+QH`2 H /BbT`Bi¨ 2 [mBM/B H T`Q7QM/Bi¨X Zm2biQ ++/2 T2` /Bp2`b2 `;BQMB,
T2`+?û HǶ`2 bQp`TTQMB#BH2 /2HH2 /m2 BKK;BMB /BKBMmBb+2c T2`+?û +`i@
i2`BbiB+?2 T`iB+QH`B /2HH b+2M TQbbQMQ +`2`2 Q++HmbBQMB U};m` RXdVc mM
#b2HBM2 KTB mK2Mi H /BbiQ`bBQM2 T`QbT2iiB+ /B mMǶBKK;BM2 `2HiB@
pK2Mi2 HHǶHi`- +QM +QMb2;m2Mi2 /BKBMmxBQM2 /2HH bQKB;HBMx i` `22
+Q``BbTQM/2MiBX *QK2 bB p2/`¨ BM b2;mBiQ- mM KB;HBQ`K2MiQ /2HH `BbQHmxBQM2
ĕ TQbbB#BH2 QT2`M/Q mMǶBMi2`TQHxBQM2 BM 7b2 /B +H+QHQ /2HH2 /BbT`Bi¨X
G2 +QMbB/2`xBQMB bpQHi2 BM [m2biQ +TBiQHQ bQMQ `2HiBp2  mM bBbi2K /B
+[mBbBxBQM2 B/2H2- H2 +mB +`ii2`BbiB+?2 bB /Bb+QbiMQ / [m2HH2 /2B /BbTQbB@
iBpB `2HBX AM T`iB+QH`2- +QM `B72`BK2MiQ HH2 };m`2 RXR 2 RXk- bB ĕ BTQiBxxiQ,
mM T`QB2xBQM2 b2+QM/Q BH KQ/2HHQ bi2MQT2B+Qc BH T2`72iiQ T`HH2HBbKQ i` ;HB
bbB QiiB+Bc H T2`72ii +QTHM`Bi¨ /2B b2MbQ`Bc HǶHHBM2K2MiQ i` H2 HBM22 Q`Bx@
xQMiHB /2B b2MbQ`BX
L2H b2;mBiQ p2``MMQ /2b+`Bii2 H2 +`ii2`BbiB+?2 /2B bBbi2KB `2HB- K p
bQiiQHBM2iQ +?2 H2 b2KTHB}+xBQMB }M [mB /Qiii2 MQM ?MMQ pHQ`2 Tm`K2M@
i2 i2Q`B+Q Q 2bTHB+iBpQX H +QMi``BQ, BH 7mMxBQMK2MiQ /2;HB H;Q`BiKB /B +H@
+QHQ /2HH2 +Q``BbTQM/2Mx2 pBM+QH bQbiMxBHK2Mi2 HH2 bi2bb2 BTQi2bB H2 +QTTB2
/B BKK;BMB +?2 +QbiBimBb+QMQ BH HQ`Q BMTmiX G +`ii2`BxxxBQM2 [mMiBiiBp
RN6B;X RXd, AM HiQ, +QTTB /B BKK;BMB Qii2Mmi2 +QM mM #b2HBM2 +Q`iX
L2HHǶBKK;BM2 /B bBMBbi` bQMQ 2pB/2MxBi2 UBM #BM+Q 2 M2`QV H2 bmT2`}+B +?2
MQM +QKTBQMQ M2HHǶBKK;BM2 /B /2bi`X GǶ`2 ;`B;B TBɍ  bBMBbi` ĕ 2bi2`M
HHǶBM[m/`im` /2HH 7QiQ+K2` /B /2bi`X GǶ`2 ;`B;B H +2Mi`Q BMp2+2
MQM ĕ pBbB#BH2 M2HHǶBKK;BM2 /B /2bi` T2`+?û Q++Hmb /HH T`iB+QH`2 ;2Q@
K2i`B /2HH b+2MXAM #bbQ, +QTTB /B BKK;BMB /2HH bi2bb b+2M- Qii2Mmi2
T2`ǁ +QM mM #b2HBM2 TBɍ HmM; `BbT2iiQ HH };m` T`2+2/2Mi2X G2 `22 MQM
pBbi2 /HH 7QiQ+K2` /B /2bi` bB HH`;MQ /B +QMb2;m2Mx U2H#Q`xBQMB /B
BKK;BMB i`ii2 / ?iiT,ffpBbBQMXKB//H2#m`vX2/mfbi2`2Qf/ifVX
/2HH2 TT`2++?Bim`2 `2HK2Mi2 miBHBxxi2 ? T`QT`BQ HQ b+QTQ /B T2`K2ii2`2
mMǶ2H#Q`xBQM2 T`2p2MiBp /2HH2 BKK;BMB- +?2 H2 TQ`iB HH 7Q`K /2bB/2`iX
ky*TBiQHQ k
*`ii2`BbiB+?2 `2HB /2H bBbi2K
/B +[mBbBxBQM2
:HB b+QbiK2MiB /HHǶB/2HBi¨ /BT2M/QMQ T`BM+BTHK2Mi2 /HH2 QiiB+?2 7QiQ;`@
}+?2 miBHBxxi2- / BKT2`72xBQMB +QMMim`i2 HH2 7QiQ+K2`2 }M /H HQ`Q b@
b2K#H;;BQ 2 / BKT`2+BbBQMB M2HHǶHH2biBK2MiQ /2H bBbi2KX
kXR .BbiQ`bBQMB
 /Bz2`2Mx /2H KQ/2HHQ bi2MQT2B+Q H2 H2MiB /B mM Q#B2iiBpQ 7QiQ;`}+Q BMi`Q@
/m+QMQ mM /BbiQ`bBQM2 +?2 +QKTQ`i mMQ bTQbiK2MiQ /2B TmMiB BM /B`2xBQM2
`/BH2 U/BbiQ`bBQM2 `/BH2- Q #``2H /BbiQ`bBQMV- +?2 ĕ 7mMxBQM2 /2HH /BbiMx
r /HHǶBMi2`b2xBQM2 i` TBMQ 7Q+H2 2 bb2 QiiB+Q U+?2 BM T`BK TT`QbbBKxBQ@
M2 +QBM+B/2 +QM BH +2Mi`Q /2HHǶBKK;BM2VX
GQ bTQbiK2MiQ ĕ /2b+`BiiQ /HH2 `2HxBQMBR,
 
   
   
xcorretta = xdistorta(1 + k1r2 + k2r4 + k3r6)
ycorretta = ydistorta(1 + k1r2 + k2r4 + k3r6)
2/ ĕ 2b2KTHB}+iQ BM };m` kXRX AM ;2M2`2- bHpQ BH +bQ /B 7Q+HB 2bi`2KK2Mi2
+Q`i2 UiBTQ }b?@2v2V H2 /BbiQ`bBQMB bQMQ +QMi2Mmi2- 2 BH T`K2i`Q k3 Tmǁ 2bb2`2
i`b+m`iQX
GǶHi` T`BM+BTH2 7QMi2 /B /BbiQ`bBQM2 ĕ +QbiBimBi /HHǶBM+HBMxBQM2 /2H
RCMM2 >2BFFBH  2 PHHB aBHpûM  6Qm`@bi2T *K2` *HB#`iBQM S`Q+2/m`2 rBi? AKTHB+Bi
AK;2 *Q``2+iBQM RNNd *QM72`2M+2 QM *QKTmi2` oBbBQM M/ Sii2`M _2+Q;MBiBQMX
kR6B;X kXR, T2` 2z2iiQ /2HH /BbiQ`bBQM2 `/BH2 bB QiiB2M2 mM +m`pim` /2H@
H2 HBM22 `2ii2- iMiQ TBɍ ++2Mimi [mMiQ TBɍ +B bB HHQMiM /H +2Mi`Q
/2HHǶBKK;BM2X AM T`iB+QH`2 H2 HBM22 Q`BxxQMiHB MQM bQMQ TBɍ T`HH2H2 B
K`;BMB bmT2`BQ`2 2 BM72`BQ`2X
b2MbQ`2 `BbT2iiQ H TBMQ Q`iQ;QMH2 HHǶbb2 QiiB+Q U};m` kXkVX *Bǁ ĕ /QpmiQ
HHǶBKT`2+BbBQM2 /2HHǶbb2K#H;;BQ /2H b2MbQ`2 M2HH 7QiQ+K2`- bQT`iimiiQ
M2B /BbTQbBiBpB 2+QMQKB+BX
6B;X kXk, HǶBM+HBMxBQM2 /2H b2MbQ`2 ĕ +mb /2HH /BbiQ`bBQM2 iM;2MxBH2- +?2
+Q``BbTQM/2 HH /Bz2`2Mx i` H T`QB2xBQM2 bmH TBMQ 7Q+H2 U;`B;HB ;`B;BV 2
H T`QB2xBQM2 bmH TBMQ /2H b2MbQ`2 U;`B;HB M2`VX
G2 `2HxBQMB i` +QQ`/BMi2 +Q``2ii2 2 /BbiQ`i2 bQMQ BM [m2biQ +bQ,
 
   
   
xcorretta = xdist +[ 2 p1ydist + p2(r2 +2 x2
dist)]
ycorretta = ydist +[ p1(r2 +2 y2
dist)+2 p2xdist]
kk+?2 ;;BmM;QMQ B /m2 +Q2{+B2MiB p1 2 p2 B i`2 bbQ+BiB HH /BbiQ`bBQM2 `/BH2
Uk1- k2 2 k3VX M+?2 [m2biB +BM[m2 T`K2i`B- +QK2 B [mii`Q +?2 +QKTBQ@
MQ M2HH URXjV- bQMQ /2iiB BMi`BMb2+B- TQB+?û +`ii2`BxxMQ BH +QKTQ`iK2MiQ
/2HH 7QiQ+K2`X
kXk *HB#`xBQM2
ZmBM/B H T`QB2xBQM2 /B mM TmMiQ /2HHQ bTxBQ UH2 +mB +QQ`/BMi2 bQMQ `B72`B@
i2 / mM bBbi2K }bbQ `BbT2iiQ HH b+2MV bmHH bmT2`}+B2 /B mM b2MbQ`2 /B
mM /iQ /BbTQbBiBpQ 7QiQ;`}+Q- ĕ /2b+`Bii /B R8 T`K2i`B [mB /B b2;mBiQ
`B+TBiQHiBk,
Ç e T`K2i`B 2bi`BMb2+B +?2 /2b+`BpQMQ BH TQbBxBQMK2MiQ 2 HǶQ`B2MiK2MiQ
/2HH 7QiQ+K2` `BbT2iiQ H bBbi2K /B +QQ`/BMi2 /2HH b+2MX  HQ`Q
pQHi 2bbB TQbbQMQ 2bb2`2 /BbiBMiB BM,
@ j +QKTQM2MiB /B mM p2iiQ`2 /B i`bHxBQM2c
@ j `QixBQMB `BbT2iiQ ;HB bbBc
Ç N T`K2i`B BMi`BMb2+B +?2 +`ii2`BxxMQ H 7QiQ+K2`- 2 /mM[m2 H
T`QB2xBQM2 bmH b2MbQ`2 /B mM TmMiQ `TT`2b2MiiQ BM mM bBbi2K /B +QQ`@
/BMi2 bQHB/H2 / 2bbX aB TQbbQMQ mHi2`BQ`K2Mi2 bm//BpB/2`2 BM,
@ 9 +Q2{+B2MiB /B i`bHxBQM2 2 +QMp2`bBQM2,
  k +QKTQM2MiB T2` bT2+B}+`2 H i`bHxBQM2 /2HHǶQ`B;BM2 /2HH2
+QQ`/BMi2 /H +2Mi`Q QiiB+Q  mM p2`iB+2 /2H b2MbQ`2c
  k 7iiQ`B /B b+H U2bT`2bbB BM pixel/mV T2` Tbb`2 / mMǶmMBi¨
/B KBbm` BM K2i`B  mM BM TBt2Hc
@ 8 T`K2i`B /B /BbiQ`bBQM2,
  j +Q2{+B2MiB /B /BbiQ`bBQM2 `/BH2c
  k +Q2{+B2MiB /B /BbiQ`bBQM2 iM;2MxBH2c
hmiiB B T`K2i`B p2M;QMQ BM/B`2iiK2Mi2 KBbm`iB i`KBi2 H +HB#`xBQ@
M2- QT2`xBQM2 T2` H [mH2 2bBbiQMQ TTQbBi2 7mMxBQMB bB T2` JiH# +?2
M2HH HB#`2`B /B PT2M*oX
AM T`iB+ bB /2pQMQ 7QiQ;`7`2- +QM BH /BbTQbBiBpQ / +HB#``2- TBɍ p2/mi2
kGǶmbQ /B +BM[m2 T`K2i`B /B /BbiQ`bBQM2 bB `B7¨  "`/bFB :X 2 E2?H2` X G2`MBM;
PT2M*o PǶ_2BHHv TXjdeX AM ;2M2`H2 BH MmK2`Q /B T`K2i`B /BT2M/2 /H KQ/2HHQ /QiiiQ
T2` /2b+`Bp2`2 H /BbiQ`bBQM2X
kj/Bz2`2MiB /B mMQ bi2bbQ Q;;2iiQ Ĝ iBTB+K2Mi2 mM b+++?B2` Ĝ +?2 T`2b2MiB
+`ii2`BbiB+?2 iHB / ;2pQH`2 HǶB/2MiB}+xBQM2 /B TmMiB bmHH bm bmT2`}+B2
UM2H +bQ /2HH b+++?B2` B TmMiB +QMbB/2`iB bQMQ ;HB M;QHB /2B [m/`B BMi2`MB
H T2`BK2i`QVX
 K2MQ /B mM 7iiQ`2 /B b+H- H2 BM7Q`KxBQMB +?2 /2b+`BpQMQ H i`@
6B;X kXj, 2b2KTB /B BKK;BMB miBHBxxi2 T2` +HB#``2 mM 7QiQ+K2` Ui`ii2
/ ?iiT,ffrrrXpBbBQMX+Hi2+?X2/mf#Qm;m2iDf+HB#n/Q+fVX
b7Q`KxBQM2 /B mM TmMiQ msc bmH TBMQ /2HH b+++?B2` M2H TmMiQ msens
bmH TBMQ /2H b2MbQ`2- bQMQ /2/m+B#BHB /HH2 T`QB2xBQMB /B [mii`Q TmMiBX hH2
i`b7Q`KxBQM2 i` TBMB +QbiBimBb+2 BM7iiB mM QKQ;`}- Ki2KiB+K2Mi2
`TT`2b2Mii BM +QQ`/BMi2 QKQ;2M22 / mM Ki`B+2 H- /B /BK2MbBQMB jtj,








a+QMiM/Q BH 7iiQ`2 /B b+H H Ki`B+2 Tmǁ 2bb2`2 MQ`KHBxxi T2` p2`2
h33 =1 X AM iH KQ/Q H2 QiiQ 2[mxBQMB `2HiBp2 HH2 +QQ`/BMi2 /2B [mii`Q
TmMiB +QbiBimBb+QMQ mM bBbi2K +QKTiB#BH2 M2;HB QiiQ hij BM+Q;MBiBX .B +QMb2@
;m2Mx- mM MmK2`Q K;;BQ`2 /B TmMiB MQM TQ`i  mM mK2MiQ /2H MmK2`Q /B
k92[mxBQMB HBM2`K2Mi2 BM/BT2M/2MiB UK ĕ +QKmM[m2 miBH2 BM [mMiQ KB;HBQ`
H bi#BHBi¨ MmK2`B+ 2 `B/m+2 HǶ2z2iiQ /2H `mKQ`2VX ZmBM/B +Bb+mM BKK@
;BM2 T2`K2ii2 /B BKTQbi`2 3 2[mxBQMB- mM T2` Q;MB +QQ`/BMi /2B [mii`Q
TmMiBX *Ƕĕ / i2M2`2 T`2b2Mi2 +?2 B b2B T`K2i`B 2bi`BMb2+B p`BMQ / Q;MB
p2/mi- mK2MiM/Q +QbŢ BH MmK2`Q /B BM+Q;MBi2X S2` H bi2bb `;BQM2 Ĝ BH
7iiQ +?2 2bbB /2b+`BpQMQ H TQbBxBQM2 `2HiBp i` 7QiQ+K2` 2 b+++?B2` Ĝ
BH +H+QHQ /2B T`K2i`B 2bi`BMb2+B ĕ TQbbB#BH2 bQHQ b2 ĕ MQi +QM T`2+BbBQM2 H
TQbBxBQM2 /2HH b+++?B2` `BbT2iiQ  mM `B72`BK2MiQ }bbQX AM +bQ +QMi``BQ bB
Qii2M;QMQ pHQ`B bB;MB}+iBpB bQHQ T2` B T`K2i`B BMi`BMb2+BX
*QMbB/2`M/Q B T`K2i`B 2bi`BMb2+B 2 B T`BKB [mii`Q T`K2i`B BMi`BM@
b2+B U2 i`Hb+BM/Q KQK2Mi2K2Mi2 [m2HHB /BbiQ`bBpB- +?2 /2b+`BpQMQ mM
i`b7Q`KxBQM2 #B/BK2MbBQMH2V- T2` K BKK;BMB bB ? mM iQiH2 /B 4+6 K
BM+Q;MBi2X S2` TQi2`2 `BbQHp2`2 BH bBbi2K /2p2 2bb2`2 8K   4+6 K- Qpp2`Q
K   2X aQMQ [mBM/B M2+2bb`B2 HK2MQ /m2 p2/mi2 /B mM b+++?B2` jtj- K
T2` H2 ;B¨ +Bii2 `;BQMB /B `Q#mbi2xx 2 bi#BHBi¨ ĕ QTTQ`imMQ bQp`pBM+QH`2 BH
T`Q#H2K 2 Qii2M2`2 H bQHmxBQM2 +?2 KBMBKBxxB HǶ2``Q`2 [m/`iB+QX S2` [m2H
+?2 `B;m`/ B 8 T`K2i`B /BbiQ`bBpB- 2bbB TQbbQMQ 2bb2`2 +H+QHiB mM pQHi
+?2 bBMQ bii2 `BH2pi2 H2 +QQ`/BMi2 /BbiQ`i2 /B HK2MQ j TmMiB- 2 +H+QHi2
H2 `2HiBp2 +QQ`/BMi2 MQM /BbiQ`i2X
ZmMiQ /2iiQ }M [mB ĕ `B72`BiQ B T`K2i`B 2 HH +HB#`xBQM2 /B mM bBM;QHQ
/BbTQbBiBpQX S2` bBbi2KB /B +[mBbBxBQM2 bi2`2Q H 7mMxBQM2 +pai2`2Q*HB#`@
i2UV /B PT2M*o T2`K2ii2 H +HB#`xBQM2 +QM;BmMi /2HH2 /m2 7QiQ+K2`2- 2
`2biBimBb+2 T`K2i`B +?2 ?MMQ HQ bi2bbQ bB;MB}+iQ /B [m2HHB TT2M pBbiB T2`
BH +bQ /B mM bBM;QH 7QiQ+K2`X
lM pQHi +QKTBmi [m2bi QT2`xBQM2 ĕ TQbbB#BH2 miBHBxx`M2 B `BbmHiiB
6B;X kX9, +QTTB /B BKK;BMB `2iiB}+i2, TBt2H +?2 bQMQ H T`QB2xBQM2 /B mMQ
bi2bbQ TmMiQ bB i`QpMQ HmM;Q H bi2bb HBM2 Q`BxxQMiH2X
k8T2` i`b7Q`K`2 H2 BKK;BMB 2 TQ`i`H2  p2`B}+`2 H2 +QM/BxBQMB mbTB+@
i2 BM T`2+2/2Mx- /Bb+mi2M/Q H ;2QK2i`B 2TBTQH`2X hmiiQ +Bǁ ĕ `2HBxx@
#BH2 Ĝ M+?2 b2;m2M/Q T`Q+2/m`2 /Bp2`b2 Ĝ +QM TTQbBi2 7mMxBQMB /B PT2M@
*o, +pai2`2Q_2+iB7vlM+HB#`i2/UV- +pai2`2Q_2+iB7vUV 2 +pAMBilM@
/BbiQ`i_2+iB7vJTUV- i` H2 Hi`2X
.H TmMiQ /B pBbi ;2QK2i`B+Q [m2biQ +Q``BbTQM/2 HH `BKQxBQM2 /2HH2 /B@
biQ`bBQMB Ĝ ;`Mi2M/Q +QbŢ +?2 H2 HBM22 2TBTQH`B bBMQ HBM22 `2ii2 Ĝ b2;mBi
/HH `2iiB}+xBQM2X Zm2biǶmHiBK QT2`xBQM2 +QMbBbi2 M2H 7`2 BM KQ/Q +?2 B
TBMB +Q``BbTQM/2MiB HH2 /m2 BKK;BMB +QBM+B/MQ- +Q``2;;2M/Q BM iH KQ/Q
HǶQ`B2MiK2MiQ /2;HB bbB QiiB+B UH KbbBK ++Q`i2xx BM 7b2 /B K2bb  TmM@
iQ /2H bBbi2K MQM #bi  ;`MiB`2 BH T`HH2HBbKQ i` ;HB bbBV 2 mMǶ2p2MimH2
/Bz2`2Mx M2HH2 HmM;?2xx2 7Q+HBX AM ;;BmMi bB QiiB2M2 mM T2`72iiQ HHBM2@
K2MiQ /2HH2 `B;?2 /2HH2 /m2 BKK;BMB U};m` kX9V- BM KQ/Q +?2 H2 T`QB2xBQMB /B
mMQ bi2bbQ TmMiQ ##BMQ H bi2bb Q`/BMi U+QK2 BH T`HH2HBbKQ /2;HB bbB-
M+?2 [m2bi +QM/BxBQM2 MQM Tmǁ 2bb2`2 ;`MiBi / `2;QHxBQMB KMmHBVX
. [mB BM pMiB bB bmTTQ``¨ +?2 H2 BTQi2bB /2H +bQ B/2H2 bBMQ b2K@
T`2 p2`B}+i2X PHi`2 B pBM+QHB BKTQbiB HH2 BKK;BMB miBHBxxi2 T2` HQ bi2`2Q
Ki+?BM;- bmbbBbiQMQ BTQi2bB BKTHB+Bi2 M+?2 T2` H b+2MX AM T`iB+QH`2 bB
bmTTQ``MMQ pHB/B B pBM+QHB /B mMB+Bi¨ 2 /B Q`/BMK2MiQjX AH T`BKQ bi#BHBb+2
6B;X kX8, H2 T`QB2xBQMB /B M1 2 M2 bQMQ +QHHQ+i2 M2HHQ bi2bbQ Q`/BM2 M2HH2
/m2 BKK;BMBX N bB i`Qp BMp2+2 M2HH xQM T`QB#Bi U`2 ;`B;BV `BbT2iiQ 
M1 2 pŢQH BH pBM+QHQ /B Q`/BMK2MiQX
+?2 mM +QTTB /B TmMiB M2HH2 /m2 BKK;BMB TQbbMQ +Q``BbTQM/2`2 H Kb@
bBKQ  mM TmMiQ /2HHQ bTxBQ i`B/BK2MbBQMH2X Zm2bi +QM/BxBQM2 ĕ b2KT`2
j"Q;mbƈr *v;M2F 2 CX SmH aB2#2`i M AMi`Q/m+iBQM iQ j. *QKTmi2` oBbBQM
h2+?MB[m2b M/ H;Q`Bi?K TX eeX
kepHB/ T2` bmT2`}+B QT+?2- K Tmǁ 2bb2`2 pBQHi BM T`2b2Mx /B bmT2`}+B
i`bT`2MiB Q `B~2ii2MiB- +?2 TQbbQMQ KQHiBTHB+`2 H2 BKK;BMB /B mM TmMiQX
G b2+QM/ +QM/BxBQM2 BKTQM2 +?2 T`Q+2/2M/Q HmM;Q H b+MHBM2 B TmMiB bB
T`2b2MiBMQ M2HHQ bi2bbQ Q`/BM2 M2HH2 /m2 BKK;BMBX Zm2biQ +Q``BbTQM/2  MQM
+QHHQ+`2 Q;;2iiB M2HH xQM T`QB#Bi- /2HBKBii- T2` +Bb+mM TmMiQ M- /B
`;;B QiiB+B TbbMiB T2` M U};m` kX8VX
kdk3*TBiQHQ j
H;Q`BiKB /B +H+QHQ /2HH
KTT /B /BbT`Bi¨
lM /2b+`BxBQM2 /2B T`BM+BTHB bT2iiB +QKmMB ;HB H;Q`BiKB /B +H+QHQ /2HH
KTT /B /BbT`Bi¨- 2 /B H+mM2 +`ii2`BbBi+?2 T`iB+QH`B /2B K2iQ/B iiBM2MiB
HHQ bT+2@iBK2 bi2`2Q- `BbmHi2`MMQ miBHB  +QMi2bimHBxx`2 b+QTB 2 K2iQ/B /B
[m2biǶmHiBKQX
jXR JTT2 /B /BbT`Bi¨
.i mM +QTTB /B BKK;BMB Isx(u,v) 2 Idx(u,v) +QM u   [0,W   1] 2 v  
[0,H 1]- H KTT /B /BbT`Bi¨ d(u,v)   0 `BbT2iiQ  Isx ĕ /2}MBi BM KQ/Q
iH2 +?2 bB,
Isx(u,v)   Idx(u   d(u,v),v) UjXRV
/Qp2 Isx(u,v) 2 Idx(u,v) bQMQ pHQ`B /B HmKBMQbBi¨- 2 BH bB;MB}+iQ QT2`iBpQ
/2H bBK#QHQ   /BT2M/2 /H +`Bi2`BQ /B +Q``BbTQM/2Mx /QiiiQX
6Q`KHK2Mi2 BH `mQHQ /2HH2 /m2 BKK;BMB ĕ bBKK2i`B+Q- 2/ ĕ TQbbB#BH2
BMp2`iB`M2 B `mQHB 2 /2}MB`2 H KTT d (u,v)   0 `BbT2iiQ  Idx,
Isx(u + d
 (u,v),v)   Idx(u,v)
*QMbB/2`M/Q H /QKM/  +mB BH +H+QHQ /2HH /BbT`Bi¨ KB`  `BbTQM/2@
`2- BH bB;MB}+iQ i2Q`B+Q /B   bB Tmǁ i`/m``2 +QM ĕ H T`QB2xBQM2 /2HHQ bi2bbQ
TmMiQ /2HHQ bTxBQX G bBimxBQM2 ĕ BHHmbi`i BM };m` R9X G +QMp2MxBQM2
+QKmM2K2Mi2 /Qiii T2` H `TT`2b2MixBQM2 ;`}+ /2HH2 KTT2 /B /BbT@
`Bi¨ ĕ /B +QMp2`iB`2 B pHQ`B /B d BM HBp2HHB /B ;`B;BQX S2`+Bǁ H2 `22 TBɍ +?B`2
+Q``BbTQM/QMQ  /BbT`Bi¨ K;;BQ`B Uz KBMQ`BV 2 H2 `22 TBɍ b+m`2 +QMi`//B@
biBM;mQMQ /BbT`Bi¨ KBMQ`B Uz K;;BQ`BVX
kN6B;X jXR, bB;MB}+iQ /2HH KTT /B /BbT`Bi¨X  bBMBbi`, BH TBt2H /B
+QQ`/BMi2 (52,113) M2HHǶBKK;BM2 Isx +Q``BbTQM/2 H TBt2H /B +QQ`/BMi2
(25,113) M2HHǶBKK;BM2 IdxX .mM[m2 d(52,113) = 27- +QK2 `BbmHi /H@
H /Bz2`2Mx /2HH2 `BbT2iiBp2 b+Bbb2- 2 bB p2`B}+ BM7iiB +?2 Isx(52,113)  
Idx(52   d(52,113),113)X  /2bi`, H i`/mxBQM2 ;`}+- BM HBp2HHB /B ;`B@
;BQ- /2HH2 /BbT`Bi¨X AH TmMiQ /B +QQ`/BMi2 (398,35) M2HHǶBKK;BM2 Isx
MQM ? +QMi`QT`i2 M2HHǶBKK;BM2 Idx 2 pB2M2 +HbbB}+i +QK2 Q++HmbBQM2-
2 pBbmHBxxi BM M2`Q M2HH KTT d U2H#Q`xBQM2 /B BKK;BMB i`ii2 /
?iiT,ffpBbBQMXKB//H2#m`vX2/mfbi2`2QfVX
jyaT2bbQ ;HB H;Q`BiKB +?2 +H+QHMQ H2 +Q``BbTQM/2Mx2- T`Q+2/2M/Q BM KQ/Q
miQKiB+Q- bb2;MMQ mM /BbT`Bi¨ / Q;MB TBt2HX L2HHǶBTQi2bB /B +Q``2ii
ii`B#mxBQM2 pH2,
d(u,v)=d
 (u   d(u,v),v) UjXkV
`2HxBQM2 +?2- b2 p2`B}+i T2` Q;MB (u,v)- BKTHB+?2`2##2 HǶ2bBbi2Mx /B mM
+Q``BbTQM/2Mx #BmMBpQ+ i` B TBt2H /2HH2 /m2 BKK;BMBX AM `2Hi¨- +QK2 ;B¨
++2MMiQ /Bb+mi2M/Q ;HB 2z2iiB /B mM mK2MiQ /2HH #b2HBM2- MQM 2bBbi2 i`
H2 BKK;BMB iH2 T`QT`B2i¨- /H KQK2MiQ +?2 H+mM2 T`iB /2HH b+2M bQMQ
pBbB#BHB BM mM bQH /2HH2 /m2 BKK;BMBX Zm2bi2 `22 /B mM BKK;BM2 bQMQ
/2ii2 Q++HmbBQMBX HH /BbT`Bi¨ +H+QHi T2` TmMiB BMi2`MB HH2 Q++HmbBQMB MQM
ĕ miBH2 ii`B#mB`2 H+mM bB;MB}+iQ, 2bb ĕ BH `BbmHiiQ /2HH `B+2`+ /2H KB;HBQ`
##BMK2MiQ M2H +bQ BM +mB [m2HHQ 2biiQ MQM bB TQbbB#BH2X AH `B+QMQb+BK2MiQ
/2HH2 Q++HmbBQMB T2`K2ii2 /B 2pBi`2 /B ii`B#mB`2 mM bB;MB}+iQ BKT`QT`BQ HH2
`2HiBp2 KBbm`2 /B /BbT`Bi¨ 2 /B 2b+Hm/2`2 iHB xQM2 M2HH 7b2 /B pHmixBQM2
/2HH2 T`2bixBQMB /B mM H;Q`BiKQX
1bBbiQMQ /Bp2`bB K2iQ/B T2` BM/BpB/m`2 B TBt2H Q++HmbB- H+mMB /2B [mHB
`B+?B2/QMQ BH +H+QHQ /2HH bQH d(u,v) 2- / 2b2KTBQ- BH `BbT2iiQ /2H pBM+QHQ
/B Q`/BMK2MiQ, M2HH b+MbBQM2 /B mM `B; / bBMBbi` p2`bQ /2bi` B TBt2H
/2pQMQ 2bb2`2 Q`/BMiB M2HHQ bi2bbQ KQ/Q /2B HQ`Q +Q``BbTQM/2MiBX .Qp2 [m2@
biQ MQM ++/2 bB ĕ BM T`2b2Mx /B mMǶQ++HmbBQM2RX L2H b2;mBiQ /2H T`2b2Mi2
b+`BiiQ bB 7`¨ b2KT`2 `B72`BK2MiQ H K2iQ/Q /2H +`Qbb@+?2+FBM;- +?2 +QMbBbi2
M2H +H+QH`2 bB d +?2 d - p2`B}+M/Q TQB H pHB/Bi¨ /2HH T`QT`B2i¨ jXkX
o MQiiQ +?2 BM H+mMB +bB H jXk Tmǁ MQM 2bb2`2 bQ//Bb7ii M+?2 T2`
TBt2H MQM ;2QK2i`B+K2Mi2 Q++HmbBX aB i`ii BM [m2biQ +bQ /B +Q``BbTQM/2Mx2
2``i2 M2HH d Q M2HH d  UQ BM 2Mi`K#2V- 2 BM [m2biQ b2MbQ BH +QMi2;;BQ /2HH2
Q++HmbBQMB ĕ mM KBbm` /2HH [mHBi¨ /2HH KTTX
jXk *HbbB}+xBQM2 /2B K2iQ/B
GǶBMi2Mb iiBpBi¨ /B `B+2`+ pQHi  i`Qp`2 bQHmxBQMB H T`Q#H2K /2HHQ bi2@
`2Q Ki+?BM; ? T`Q/QiiQ mM ;`M/2 MmK2`Q /B K2iQ/B +?2 TQbbQMQ-  mM
T`BKQ 2bK2- 2bb2`2 bm//BpBbB BM +i2;Q`B2 ;2M2`HB- /BbiBMi2 bmHH #b2 /B p@
`B +`Bi2`B- +QK2 BH iBTQ /B `BbmHiiQ T`Q/QiiQ- Q HǶTT`Q++BQ /QiiiQ M2HǶmbQ
R"X *v;M2F- CX SmH aB2#2`i M AMi`Q/m+iBQM iQ j. *QKTmi2` oBbBQM h2+?MB[m2b M/
H;Q`Bi?Kb TX kkjX
jR/2HHǶBM7Q`KxBQM2 +QMi2Mmi M2HH2 BKK;BMBkX
lM TQbbB#BH2 +HbbB}+xBQM2 ĕ [m2HH +?2 bm//BpB/2 i` H;Q`BiKB +?2 T`Q@
/m+QMQ KTT2 /2Mb2 2 H;Q`BiKB +?2 T`Q/m+QMQ KTT2 bT`b2X A T`BKB bQMQ
[m2HHB BKTHB+BiK2Mi2 +QMbB/2`iB }MQ`- B [mHB +QMbB/2`MQ HǶBMi2` BKK;BM2
2 +2`+MQ mM +Q``BbTQM/2Mx T2` Q;MB TBt2H, H2 KTT2 /B /BbT`Bi¨ ;2M2`i2
?MMQ H2 bi2bb2 /BK2MbBQMB /2HH2 BKK;BMBX lM KTT bT`b +QMiB2M2 BMp2@
+2 mM MmK2`Q `B/QiiQ /B /BbT`Bi¨ 2 Tmǁ 2bb2`2 +QMbB/2`i mM p`BMi2 /2HH
jXR,
f[Isx(u,v)]   f[Idx(u   d(u,v),v)]
/Qp2 f[] ĕ mMǶ2H#Q`xBQM2 +?2 2bi`2 Ĝ /HH2 BKK;BMB +?2 ? T2` `;QK2MiQ
Ĝ H+mMB i`iiB bHB2MiB U/Bb+QMiBMmBi¨- bTB;QHB- p2`iB+BVX :HB H;Q`BiKB bT`bB
bQMQ TBɍ `TB/B /B [m2HHB /2MbB- K i`QpMQ K2MQ TTHB+xBQMB- TQB+?ĕ KTT2
bT`b2 M2+2bbBiMQ /2HHǶBMi2`TQHxBQM2 /2B pHQ`B KM+MiBX
L2HHǶK#BiQ /2B K2iQ/B /2MbB mM /BbiBMxBQM2 7QM/K2MiH2 ĕ [m2HH i`
H;Q`BiKB HQ+HB 2 H;Q`BiKB ;HQ#HBX A MQKB bB `B72`Bb+QMQ HHǶBM7Q`KxBQM2 +QM@
bB/2`i M2H +QKTmiQ /2H +QbiQ /2HH2 /BbT`Bi¨X A K2iQ/B HQ+HB pHmiMQ bQHQ
HǶBM7Q`KxBQM2 +QMi2Mmi M2H TBt2H +QMbB/2`iQ 2 BM [m2HHB M2HH2 pB+BMMx2X L2B
K2iQ/B ;HQ#HB BMp2+2 BH +H+QHQ- T2` Q;MB /BbT`Bi¨- iB2M2 +QMiQ /2HHǶBMi2`
BKK;BM2X Zm2biB mHiBKB /MMQ BM ;2M2`2 `BbmHiiB KB;HBQ`B- K ?MMQ HQ
bpMi;;BQ /B 2bb2`2 /B K2MQ b2KTHB+2 BKTH2K2MixBQM2 2 /B +QKTQ`i`2 mM
K;;BQ`2 +QbiQ +QKTmixBQMH2X
Hi2`MiBp HH +HbbB}+xBQM2 BM +i2;Q`B2 +QbŢ ;2M2`B+?2 ĕ H ibbQMQKB
T`QTQbi Ĝ T2` B K2iQ/B +?2 ;2M2`MQ KTT2 /2Mb2 Ĝ / a+?`bi2BM 2 ax2HB@
bFBj- #bi bmHHǶQbb2`pxBQM2 +?2 imiiB ;HB H;Q`BiKB /B [m2biQ iBTQ +QMbBbiQMQ
M2HHǶ2b2+mxBQM2 /B mM bQiiQBMbB2K2 /2HH2 b2;m2MiB [mii`Q QT2`xBQMB,
RX +H+QHQ /2H +QbiQ /2HH2 +Q``BbTQM/2Mx2c
kX ;;`2;xBQM2 /2H +QbiQ bmH bmTTQ`iQc
jX +H+QHQ /2HH /BbT`Bi¨ 2 QiiBKBxxxBQM2c
9X `{MK2MiQ /2H `BbmHiiQX
kZm2bi #`2p2 TMQ`KB+ bB #b BM ;`M T`i2 bmH +TBiQHQ RR /B ax2HBbFB _X *QKTmi2`
oBbBQM, H;Q`Bi?Kb M/ TTHB+iBQMbX
ja+?`bi2BM .X 2 ax2HBbFB _X  htQMQKv M/ 1pHmiBQM Q7 .2Mb2 hrQ@6`K2 ai2`2Q
*Q``2bTQM/2M+2 H;Q`Bi?KbX
jkjXkXR *H+QHQ /2H +QbiQ /2HH2 +Q``BbTQM/2Mx2
aB i`ii /B bi#BHB`2 mM +`Bi2`BQ [mMiBiiBpQ +?2 +QbiBimBb+ mM KBbm` /2HH
#QMi¨ /B mM +Q``BbTQM/2Mx i` TBt2HX hH2 +`Bi2`BQ ĕ BM T`iB+ mM /BbiMx
D()- / ii`B#mB`2 +QK2 +QbiQ HH +Q``BbTQM/2Mx i` BH TBt2H P M2HHǶBKK;BM2
/B bBMBbi` 2 BH TBt2H Q M2HHǶBKK;BM2 /B /2bi`,
C(P,Q)=D[Isx(P),I dx(Q)]
h` H2 /BbiMx2 TBɍ +QKmM2K2Mi2 mbi2 +B bQMQ H /Bz2`2Mx bbQHmi,
CAD(P,Q)=|Isx(P)   Idx(Q)|
2 H /Bz2`2Mx [m/`iB+,
CSD(P,Q)=[ Isx(P)   Idx(Q)]
2
Q HQ`Q p`BMiB9X S2` BKK;BMB  +QHQ`B H2 /Bz2`2Mx2 bQMQ / BMi2M/2`bB i`
KQ/mHB /B p2iiQ`B M2HHQ bTxBQ /B +QHQ`B miBHBxxiQX
6B;X jXk, .BbT`Biv aT+2 AK;2X Ĕ mM Ki`B+2 i`B/BK2MbBQMH2 +QMi2M2Mi2 B
+QbiB C(u,v,d) bbQ+BiB HH +Q``BbTQM/2Mx i` BH TBt2H (u,v) M2HHǶBKK;BM2
/B bBMBbi` 2 BH TBt2H (u   d,v) M2HHǶBKK;BM2 /B /2bi`X
9*v;M2F "X 2 aB2#2`i CX SX M AMi`Q/m+iBQM iQ j. *QKTmi2` oBbBQM h2+?MB[m2b M/
H;Q`Bi?KbX
jjL2B i2`KBMB BM +mB ĕ biiQ [mB 7Q`KmHiQ BH T`Q#H2K- H2 T`2+2/2MiB `2HxBQMB
TQbbQMQ 2bb2`2 `Bb+`Bii2 +QK28,
CAD(u,v,d)=|Isx(u,v)   Idx(u   d,v)| UjXjV
CSD(u,v,d)=|Isx(u,v)   Idx(u   d,v)|
2
6B;X jXj, 2b2KTBQ /B +H+QHQ /2B +QbiB +QM CADX S2` BH TBt2H /B +QQ`/BM@
i2 (u0,v 0) M2HHǶBKK;BM2 /B bBMBbi` bB T`2M/QMQ BM 2bK2- M2HHǶBKK;BM2
/B /2bi`- B TBt2H HmM;Q H bi2bb b+MHBM2 bTQbiiB Q`BxxQMiHK2Mi2 /2HH2
[mMiBi¨ BMi2`M2 HHǶBMi2`pHHQ [dmin,d max]X S2` +Bb+mMQ /B 2bbB bB +H+QH
+QM H UjXjV H /Bz2`2Mx bbQHmi M2HHQ bTxBQ /B +QHQ`B _:"X / 2b2KTBQ,
CAD(u0,v 0,d 1)=|(57,181,74)   (172,212,115)| =1 8 7 - CAD(u0,v 0,d 2)=
113- CAD(u0,v 0,d 3)=4 62 +QbŢ pBX
Zm2biQ iBTQ /B KBbm`2 /B bBKBH`Bi¨ Ĝ  /Bz2`2Mx /B Hi2`MiBp2 TBɍ bQ}biB@
+i2 2 +QKTmixBQMHK2Mi2 +QbiQb2 Ĝ ĕ b2MbB#BH2 HH2 /Bz2`2Mx2 /B ;m/;MQ
i` H2 /m2 BKK;BMB- +?2 [mBM/B /2pQMQ 2bb2`2 T`2p2MiBpK2Mi2 2[mHBxxi2
2 TQ`ii2 HHQ bi2bbQ pHQ`2 K2/BQ ;HQ#H2- Q BM Hi2`MiBp HHQ bi2bbQ pHQ`2
K2/BQ HQ+H2- /m`Mi2 HǶ;;`2;xBQM2X
8_B72`2M/QbB HH KTT /B /BbT`Bi¨- +QM H H2ii2` d bB ĕ BMi2bQ mM pHQ`2 /B /BbT`Bi¨
mMB+Q T2` +Bb+mM TBt2HX .Bb+mi2M/Q BH +H+QHQ 2 HǶ;;`2;xBQM2 /2B +QbiB- BMp2+2- +QM d
bB BM/B+MQ imii2 H2 TQbbB#BHB /BbT`Bi¨ T`2b2 BM 2bK2- BMi2`M2 HHǶBMi2`pHHQ [dmin,d max]X
L2B +QMi2biB BM +mB bQMQ T`2b2MiB 2Mi`K#B B bB;MB}+iB d +QMiBMm2`¨  BM/B+`2 mM ;2M2`B+Q
pHQ`2 /B /BbT`Bi¨ M2HH ;KK +QMbB/2`i- 2 BH pHQ`2 mMB+Q +?2 /2i2`KBM H KTT
p2``¨ BM/B+iQ +QM ¯ dX G//Qp2 MQM +Ƕĕ K#B;mBi¨ bB mb2`¨ b2KTHB+2K2Mi2 dX
j9jXkXk ;;`2;xBQM2 /2H +QbiQ bmH bmTTQ`iQ
Zm2biQ b2+QM/Q TbbQ Ĝ +?2 +`ii2`Bxx B K2iQ/B HQ+HB 2/ ĕ bT2bbQ bb2Mi2
/ [m2HHB ;HQ#HB Ĝ +QbiBimBb+2 mMǶ2H#Q`xBQM2 /2H .aAX AM7iiB MQM ĕ BM ;2M2`2
bm{+B2Mi2 +H+QH`2 BH +QbiQ /B mM +Q``BbTQM/2Mx P@Q i2M2M/Q +QMiQ /2B bQHB
TBt2H P 2 QX Zm2biQ T2`+?ĕ HǶBM7Q`KxBQM2  2bbB bbQ+Bi ? #bb +T+Bi¨
/Bb+`BKBMiQ`B- bQT`iimiiQ BM bb2Mx /B b2;MH2 / Hi 7`2[m2Mx bTxBH2-
+QMbBbi2M/Q bT2bbQ BM i`2 pHQ`B [mMiBxxiB bm k8e HBp2HHB- T2` /B TBɍ z2iiB
/ `mKQ`2X Zm2biQ `2M/2 M2+2bb`BQ 2bi2M/2`2  mM bmTTQ`iQ U BH +H+QHQ /2H
+QbiQ /B mM +Q``BbTQM/2MxX
*Bǁ Tmǁ 2bb2`2 K2bbQ BM iiQ i`KBi2 mM }Hi`Q Tbb #bbQX AM T`iB+QH`2
mM }Hi`;;BQ /2H .aA +QM d +QbiMi2- +?2 miBHBxxB H2 KBbm`2 /B bBKBH`Bi¨ bQT`
/2b+`Bii2 TQ`i HH2 `2HxBQMB U+?2 `BmMBb+QMQ B T`BKB /m2 TbbBV T2` H a.




|Isx(u + i,v + j)   Idx(u   d + i,v + j)|




|Isx(u + i,v + j)   Idx(u   d + i,v + j)|
2
2Mi`K#2 7`2[m2Mi2K2Mi2 mbi2X lM bi`i2;B T`iB+QH`K2Mi2 b2KTHB+2 ĕ
[m2HH /2H K2iQ/Q }t2/ rBM/Qrb- M2H [mH2 B bmTTQ`iB U bQMQ [m/`iB 2
+2Mi`iB bmH TBt2H (u,v) +Q``2Mi2K2Mi2 T`2bQ BM 2bK2X GǶmbQ /B bmTTQ`iB #B@
/BK2MbBQMHB- 2bi2bB M2HH2 bQH2 /BK2MbBQMB u 2 v- T`BpBH2;B H /2i2`KBMxBQM2
/2HH2 /BbT`Bi¨ bm bmT2`}+B 7`QMiHB UQ`iQ;QMHB ;HB bbB QiiB+BV- K2Mi`2 mM
;2M2`HBxxxBQM2 +?2 i2M; +QMiQ /2HH2 bmT2`}+B BM+HBMi2 `B+?B2/2 mM bmTTQ`iQ
i`B/BK2MbBQMH2- +BQĕ 2bi2bQ bm TBɍ pHQ`B /B /BbT`Bi¨X S2` H bi2bb `;BQM2 Ĝ
HǶBKTHB+Bi T`272`2Mx T2` `22  /BbT`Bi¨ +QbiMi2 Ĝ BH K2iQ/Q }t2/ rBM/Q@
rb MQM Qz`2 #mQM2 T`2bixBQMB BM +Q``BbTQM/2Mx /2HH2 /Bb+QMiBMmBi¨- bT2+B2
HHǶmK2Mi`2 /2HH2 /BK2MbBQMB /2H bmTTQ`iQX AM T`iB+ ĕ M2+2bb`BQ bi#BHB`2
mM +QKT`QK2bbQ i` #mQM `BbQHmxBQM2 /2HH KTT U+?2 bB QiiB2M2 +QM bmT@
TQ`iB TB++QHBV 2 `Q#mbi2xx M2H +H+QHQ /2B +QbiB U7pQ`Bi / bmTTQ`iB ;`M/BVX
lM Hi`Q BM+QMp2MB2Mi2 /2H K2iQ/Q }t2/ rBM/Qrb ĕ `TT`2b2MiiQ /;HB
QmiHB2`bX G +mb ĕ BH /Bz2`2Mi2 bTQbiK2MiQ T`QbT2iiB+Q /B TBt2H +?2 bB
i`QpMQ  T`Q7QM/Bi¨ /Bp2`b2 U};m` jX9VX lM TQbbB#BH2 bQHmxBQM2 ĕ [m2HH





min{|Isx(u + i,v + j)   Idx(u   d + i,v + j)|,T}
6B;X jX9, BM~m2Mx /2;HB QmiHB2`b bmH +QbiQ /B mM +Q``BbTQM/2MxX G2 /m2
}M2bi`2 /B /BK2MbBQM2 dtd bQMQ +2Mi`i2 bm TBt2H +Q``BbTQM/2MiB- K BH +K@
#BQ /B T`QbT2iiBp ? +mbiQ mMQ bTQbiK2MiQ /2HH /Bb+QMiBMmBi¨ `BbT2iiQ
HHǶBKK;BM2 bmHHQ b7QM/QX G ;`M/2 /Bz2`2Mx i` B TBt2H /2HH2 +QHQMM2 /B
/2bi` /2i2`KBM mM mK2MiQ /2H +QbiQ 2/ ĕ mM TQi2MxBH2 +mb /B 2``Q`2
U2H#Q`xBQMB /B BKK;BMB i`ii2 / ?iiT,ffpBbBQMXKB//H2#m`vX2/mfbi2`2QfVX
Hi2`MiBpK2Mi2 bB Tmǁ `B+Q``2`2  }Hi`B /B 7Q`K /Bp2`b U;mbbBMB- #B@
MQKBHBV +?2 /BMQ K;;BQ` T2bQ HHǶBM7Q`KxBQM2 H +2Mi`Q /2HH }M2bi`- K
bQTT2`Bb+MQ HH bm 2p2MimH2 KM+Mx BMi2;`M/QH +QM [m2HH T`2b2Mi2 bm
mMǶ`2 TBɍ KTBc QTTm`2  }Hi`B +?2 bB /iiBMQ H +QMi2MmiQ /2HHǶBKK;BM2
p`BM/Q H 7Q`K 2 H /BK2MbBQM2 /2H bmTTQ`iQ T2` 2b+Hm/2`2 H /Bb+QMiBMmBi¨
Q TQbBxBQMM/QbB BM KQ/B /Bp2`bB `BbT2iiQ H TBt2H +Q``2Mi2 Ub?B7i#H2 rBM/Qrb-
je};m` jX8Vc Q M+Q` bB TQbbQMQ b7`mii`2 }Hi`B +?2 T2bBMQ BH +QbiQ /B +Bb+mM TB@
t2H M2H bmTTQ`iQ b2+QM/Q +`Bi2`B /B bQKB;HBMx +`QKiB+ 2 /BbiMx 2m+HB/2eX
6B;X jX8, BHHmbi`xBQM2 /2H K2iQ/Q b?B7i#H2 rBM/Qrb- TTHB+iQ HHǶ2b2KTBQ /B
};m` jX9X *QMbBbi2 M2HHǶ;;`2;`2 BH +QbiQ- T2` +Bb+mM +Q``BbTQM/2Mx- bm
mM }M2bi` [m/`i /B HiQ N- T2` imii2 H2 N2 TQbbB#BHB TQbBxBQMB `2HiBp2 B
/m2 TBt2H +QMbB/2`iBX G2 +Q`MB+B +QHQ`i2 M2HH };m` `TT`2b2MiMQ j /2HH2
TQbbB#BHB N TQbBxBQMB /B mM }M2bi` jtjX G +Q`MB+2 `M+BQM2- +QHHQ+M/QbB 
+pHHQ /2HH /Bb+QMiBMmBi¨ M2HHǶBKK;BM2 /B /2bi`- ;;`2; mM +QbiQ 2H2piQ-
TQB+?ĕ BM+Hm/2 TBt2H +?2 /Bz2`Bb+QMQ KQHiQ M2HH2 /m2 BKK;BMBX G }M2bi`
p2`/2 UQ H2 Hi`2 }M2bi`2 bTQbii2  bBMBbi`V ;;`2;MQ BMp2+2 mM +QbiQ #bbQ-
2 T2`K2iiQMQ H +Q``2ii ii`B#mxBQM2 /2HH +Q``BbTQM/2Mx i` B /m2 TBt2H
M2HH2 +Q`MB+B #BM+?2X
6BHi`B TBɍ bQ}biB+iB +QM/m+QMQ  KB;HBQ`B KTT2 /B /BbT`Bi¨ }MHB- K H
T`2xxQ /B mM mK2MiQ /2H +QbiQ +QKTmixBQMH2X .2ii2 W 2 H H2 /BK2MbBQMB
/2HH2 BKK;BMB- 2 L HǶKTB2xx /2H `M;2 /2HH2 /BbT`Bi¨- H;Q`BiKB Tbb #bbQ
+QK2 a. 2 aa. ?MMQ mM +QKTH2bbBi¨ O(WHL) 2 bQMQ KQHiQ p2HQ+B-
K2Mi`2 mM 7Q`K /Bp2`b /2H Mm+H2Q +QKTQ`i M2H +bQ TBɍ ;2M2`H2 mM
+QKTH2bbBi¨ O(WHLN2)- /Qp2 N ĕ H /BK2MbBQM2 Hi2`H2 /2H bmTTQ`iQX
eEmF@CBM uQQM- AM aQ Er2QM /TiBp2 amTTQ`i@q2B;?i TT`Q+? 7Q` *Q``2bTQM/2M+2
a2`+?X
jdjXkXj *H+QHQ /2HH /BbT`Bi¨ 2 QiiBKBxxxBQM2
*QMbBbi2 M2H +H+QHQ /2HH KTT /B /BbT`Bi¨  T`iB`2 /H .aAX S2` B K2iQ/B
HQ+HB mM +`Bi2`BQ `B+Q``2Mi2 ĕ [m2HHQ rBMM2` iF2b HH- +QM b+2Hi /2HH /BbT`Bi¨
¯ d /B +QbiQ KBMBKQ T2` +Bb+mM TBt2H (u,v)- 2p2MimHK2Mi2 +Q``2ii / bi`i2;B2
+?2 T2`K2iiMQ /B ;Bm/B+`2 H #QMi¨ /B mM +Q``BbTQM/2MxX / 2b2KTBQd
bi#BH2M/Q +?2 MQM TBɍ /B /m2 /2B i`2 pHQ`B KBMBKB bB i`QpBMQ H /B bQiiQ /B
mM +2`i bQ;HB /BT2M/2Mi2 /H KBMBKQ +QbiQX
L2B K2iQ/B ;HQ#HB BMp2+2 B TbbB k 2 j bB 7QM/QMQ BM mMǶmMB+ 7b2- M2HH
[mH2 bB /2i2`KBM BH pHQ`2 /B /BbT`Bi¨ i`KBi2 mMǶQiiBKBxxxBQM2 BH +mB `BbmH@
iiQ /BT2M/2 T2` +Bb+mM TBt2H /2HHǶBMi2`Q .aA U+?2 bT2bbQ ĕ [m2HH +H+QHi
H TbbQ R- b2Mx bm++2bbBp ;;`2;xBQM2VX
H+mMB /B [m2biB K2iQ/B 7Q`KmHMQ BH T`Q#H2K +QK2 H KBMBKBxxxBQM2 /B
mM 7mMxBQM2 /B 2M2`;B ;HQ#H2 E(d)- /2}MBi BM KQ/Q / `BbT2ii`2 bB B /iB
UmiBHBxxM/Q [mBM/B BH .aAV +?2 QTTQ`imM2 BTQi2bB /B `2;QH`Bi¨ /2HH2 bmT2`}+B,
E(d)=Ed(d)+ Es(d)





BH b2+QM/Q `B~2ii2 HǶBTQi2bB /B `2;QH`Bi¨- +?2 T2` `;BQMB /B i`ii#BHBi¨ +QK@
TmixBQMH2 bB HBKBi  i2M2` +QMiQ /2HH2 p`BxBQMB `BbT2iiQ B TBt2H BKK2/B@
iK2Mi2 /B+2MiBX lM pQHi /2}MBi HǶ2M2`;B- H KBMBKBxxxBQM2 Tmǁ 2bb2`2
+H+QHi b2;m2M/Q mM [mHbBbB K2iQ/Q /B `B+2`+ /2B KBMBKB HQ+HBX
aT2bbQ HǶBTQi2bB /B `2;QH`Bi¨ ĕ iH2 / `2M/2`2 LS@?`/ BH T`Q#H2K /B KB@
MBKBxxxBQM2 /2HHǶ2M2`;BX H;Q`BiKB TBɍ 2{+B2MiB bB #bMQ bmHH T`Q;`K@
KxBQM2 /BMKB+ 2 +QKTQ`iMQ BH +H+QHQ /B mM b2xBQM2 /B +QbiQ KBMBKQ
/2HH .aA QT2`M/Q BM KQ/Q BM/BT2M/2Mi2 bm b+MHBM2 /Bp2`b2X aB /BbiBM;mQMQ
i` HQ`Q T2` H 7Q`K /2HH bQHmxBQM2 +2`+i 2 BH K2iQ/Q /QiiiQ M2HH `B+2`+
/2HH b2xBQM2X
Hi`B K2iQ/B M+Q` bB #bMQ bmHH b2;K2MixBQM2 /2HH2 BKK;BMB BM `22
/B /BbT`Bi¨ mMB7Q`K2- bm++2bbBpK2Mi2 BMi2`TQHi2 HQ+HK2Mi2 / bmT2`}+B 2
`BmMBi2 BM mMǶmMB+ BKK;BM2 `B+Q``2M/Q  bi`i2;B2 /B QiiBKBxxxBQM2X
dEX JɃ?HKMM- .X JB2`- CX >2bb2` 2 _X JMM2` *H+mHiBM; /2Mb2 /BbT`Biv KTb 7`QK
+QHQ` bi2`2Q BK;2b- M/ 2{+B2Mi BKTH2K2MiiBQM- +BiiQ BM "Q;mbƈr *v;M2F 2 CX SmH
aB2#2`i- M AMi`Q/m+iBQM iQ j. *QKTmi2` oBbBQM h2+?MB[m2b M/ H;Q`Bi?Kb TX kkeX
j3jXkX9 _{MK2MiQ /2H `BbmHiiQ
G2 /BbT`Bi¨ bQMQ +H+QHi2 +QK2 /Bz2`2Mx2 /B TQbBxBQMB- HmM;Q mM bi2bb `B@
;- /B TBt2H BM /m2 BKK;BMB- 2 /B +QMb2;m2Mx ?MMQ pHQ`B BMi2`BX *QK2
;B¨ Qbb2`piQ H ;KK /2HH2 /BbT`Bi¨ ĕ BM `2HxBQM2 +QM H `BbQHmxBQM2 HmM;Q
HǶbb2 z- BM KQ/Q iH2 +?2 [m2biǶmHiBK T2;;BQ` H /BKBMmB`2 /2HH /BbT`Bi¨X
Ĕ TQbbB#BH2 `B/m``2 HǶBKTiiQ /2HH /Bb+`2iBxxxBQM2 /2HH2 /BbT`Bi¨ b7`miiM/Q
B +QbiB ;B¨ +H+QHiBX liBHBxxM/Q HǶM/K2MiQ /2B +QbiB H p`B`2 /2HH2 /BbT@
`Bi¨- 2 BMi2`TQHM/QM2 HǶM/K2MiQ +QM mM 7mMxBQM2 +QMiBMm- bB i`b7Q`K
BH T`Q#H2K /2HH `B+2`+ /2H KBMBKQ /B mM 7mMxBQM2 /2}MBi BM N BM mMQ
MHQ;Q T2` 7mMxBQM2 /2}MBi BM RX



















interpolazione intorno al valore minimo
minimo della funzione interpolatrice
6B;X jXe, 2b2KTBQ /B `{MK2MiQ bm#TBt2H /2HH /BbT`Bi¨- i`KBi2
BMi2`TQHxBQM2 T`#QHB+ BM mM BMiQ`MQ /2H KBMBKQ +QbiQX
AM i2Q`B ĕ TQbbB#BH2 HǶBMi2`TQHxBQM2 +QM [mHmM[m2 7mMxBQM2X AM T`iB+
mM #mQM +QKT`QK2bbQ i` HǶ++m`i2xx 2 BH +QbiQ +QKTmixBQMH2 bB QiiB2M2
`B+Q``2M/Q HHǶBMi2`TQHxBQM2 +QM mM T`#QHX lM TQHBMQKBQ /B b2+QM/Q ;`@
jN/Q ? M+?2 BH pMi;;BQ /B BKTQ``2 K2MQ pBM+QHB /B `2;QH`Bi¨ HHǶM/K2MiQ
/2B +QbiBX
amTTQM2M/Q +?2 T2` H /BbT`Bi¨ /B +QbiQ KBMBKQ ¯ d bB C(¯ d)=c0- 2 +?2
H2 /m2 /BbT`Bi¨ /B+2MiB ##BMQ +QbiB C(¯ d   1) = c 1 2 C(¯ d +1 )=c+1-
HHQ` +QMbB/2`M/Q H T`#QH P(x) iH2 +?2,
P( 1) = c 1; P(0) = c0; P(1) = c+1;
bB QiiB2M2 BH TQHBMQKBQ BMi2`TQHiQ`2,
P(x)=c 1
x(x   1)
2
  c0(x +1 ) ( x   1) + c+1
(x +1 ) x
2
2 BKTQM2M/Q H +QM/BxBQM2 P  (x)=0bB `B+p HǶb+Bbb /2H KBMBKQ,
xm =
c 1   c+1
2(c 1   2c0 + c+1)
+?2 ĕ HǶ//2M/Q +Q``2iiBpQ T2` ;BmM;2`2 HH /BbT`Bi¨ +2`+i- +QM T`2+BbBQM2
bm#TBt2H,
˜ d = ¯ d + xm
jXj S`2bixBQMB /2H K2iQ/Q }t2/ rBM/Qrb
G i2+MB+ /2HHQ bT+2@iBK2 bi2`2Q bB #b bmHHǶmbQ /B mMQ /2B K2iQ/B T2` HQ
bi2`2Q Ki+?BM; #BMQ+mH`2 }M [mB +QMbB/2`iBX AM T`iB+QH`2 HǶH;Q`BiKQ +?2
b`¨ /2b+`BiiQ M2H [m`iQ +TBiQHQ b7`mii BH K2iQ/Q }t2/ rBM/Qrb- +?2 ĕ T2`@
+Bǁ miBH2 Qbb2`p`2 TBɍ / pB+BMQX
L2H +QMi2biQ TT2M /2b+`BiiQ [m2biQ K2iQ/Q, `B2Mi` M2HH +i2;Q`B /2@
;HB H;Q`BiKB HQ+HBc Tmǁ /Qiii`2 [mHbBbB KBbm` /B bBKBH`Bi¨ i` TBt2Hc
HǶ;;`2;xBQM2 ppB2M2 bm }M2bi`2 [m/`i2 /B /BK2MbBQM2 +QbiMi2 2 +2Mi`i2
bmH TBt2H +Q``2Mi2K2Mi2 +QMbB/2`iQc H /BbT`Bi¨ pB2M2 b+2Hi BM #b2 H +`Bi2@
`BQ /2H KBMBKQ +QbiQ- +QM 2p2MimH2 `{MK2MiQ i`KBi2 BMi2`TQHxBQM2 +QM
TQHBMQKBQ /B b2+QM/Q ;`/QX
jXjXR *QKTQ`iK2MiQ +QM bmT2`}+B2 7`QMiH2 BM T`2@
b2Mx /B b2;MH2 HH2 Hi2 7`2[m2Mx2
*QbiBimBb+2 BH +bQ TBɍ 7pQ`2pQH2- 2bb2M/Q H bmT2`}+B2 TBM 7`QMiH2 H bB@
imxBQM2 ;2QK2i`B+ T`BpBH2;Bi /H K2iQ/Q- QHi`2 +?2 mM +QM/BxBQM2 pM@
i;;BQb BM ;2M2`H2X G pBbBQM2 7`QMiH2 ? BM7iiB BH pMi;;BQ /B T`2b2`p`2
K2;HBQ H2 bQKB;HBMx2- MQM BMi`Q/m+2M/Q /BbiQ`bBQM2 T`QbT22iiB+ U};m` jXdVX
9y6B;X jXd, BM HiQX *QTTB /B BKK;BMB +[mBbBi2 / mM bBbi2K #BMQ+mH`2X AM
#bbQX AM;`M/BK2MiB /2HH2 `22 2pB/2MxBi2X G T`i2 `BpQHi 7`QMiHK2Mi2
HH2 7QiQ+K2`2 `BbmHi [mbB BMHi2`i- K2Mi`2 H p2/mi /B b+Q`+BQ M2HH T`i2
/B bBMBbi` ĕ +mb /B mM b2MbB#BH2 /BbiQ`bBQM2 /Qpmi H +K#BQ /B T`QbT2iiBp
U2H#Q`xBQM2 /B BKK;BMB i`ii2 / ?iiT,ffpBbBQMXKB//H2#m`vX2/mfbi2`2QfVX
M+?2 H T`2b2Mx /B +QKTQM2MiB / Hi 7`2[m2Mx bTxBH2 ĕ mM +QM@
/BxBQM2 7pQ`2pQH2- /H KQK2MiQ +?2 mM #bb p`B#BHBi¨ /2HH HmKBMQbBi¨
M2HHQ bTxBQ ? HǶ2z2iiQ /B mMB7Q`K`2 B +QbiB /2HH2 +Q``BbTQM/2Mx2- `2M/2M/Q
K#B;m H b+2Hi /B [m2HH QiiBKX .B b2;mBiQ B `BbmHiiB /B H+mM2 T`Qp2- T2`
HǶ`2 2pB/2MxBi BM };m` jX3X
6B;X jX3, `2 +QMbB/2`i M2HH b2xBQM2 jXjXR
9R_BbmHiiB b2Mx ;;`2;xBQM2 /2B +QbiB
6B;X jXN, aQT`, `2 2bKBM@
i- +QM QK#`2;;Bim` /2B TB@
t2H T2` B [mHB MQM pH2 H UjXkVX
aQiiQ, KTT /B /BbT`Bi¨X
A `BbmHiiB bQMQ BM [m2biQ +bQ b+/2MiB /H
TmMiQ /B pBbi /2HH [mHBi¨ /2HH KTT /B
/BbT`Bi¨ 2 /2H MmK2`Q /B TBt2H T2` B [m@
HB MQM pH2 H UjXkV U2 +?2 /mM[m2 p2M;QMQ
+HbbB}+iB +QK2 Q++HmbB- Tm` MQM 2bb2M/Q@
HQ /B 7iiQVX hmiipB mMǶMHBbB /2HH b2@
xBQM2 /2H .aA U};m` jXRyV BM +Q``BbTQM/2M@
x /2HH b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2@
`i- KQbi` mM M2iiQ ppHHK2MiQ /2B +Q@
biB BM +Q``BbTQM/2Mx /2HH /BbT`Bi¨ +Q``2ii
Ui` k8 2 jyVX aB Qbb2`p T2`ǁ mM MQi2pQ@
H2 B``2;QH`Bi¨ /2HHǶM/K2MiQ /2B +QbiB +?2
bTB2; HǶBKT`2+Bb ii`B#mxBQM2 /2HH2 /BbT`B@
i¨X
6B;X jXRy, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`iX
9k_BbmHiiB /QTQ ;;`2;xBQM2 bm mM }M2bi` 7t7
6B;X jXRR, `2 2bKBMi 2 KTT /B
/BbT`Bi¨X
;;`2;M/Q B +QbiB bB Qbb2`p +?2
H [mHBi¨ /2HH KTT KB;HBQ` `@
TB/K2Mi2 HHǶmK2Mi`2 /2HH /B@
K2MbBQM2 /2H bmTTQ`iQ- 2 +?2 T2`
mM }M2bi` [m/`i /B /BK2M@
bBQM2 dtd H UjXkV pH2 T2` Q;MB
TBt2H- 2 H /BbT`Bi¨ ĕ mMB7Q`@
K2X GǶM/K2MiQ /2B +QbiB Qbb2`@
piB M2HH b2xBQM2 /2H .aA bB ĕ 7i@
iQ TBɍ `2;QH`2 `2M/2M/Q TBɍ `Q#m@


















disparità, a meno di






6B;X jXRk, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`i- +QM ;;`2;xBQM2 /2B +QbiB bm mM
}M2bi` [m/`i /B /BK2MbBQM2 dtd- /B /BbT`Bi¨ +QbiMi2X
9jjXjXk *QKTQ`iK2MiQ M2HH2 /Bb+QMiBMmBi¨- BM T`2b2Mx
/B b2;MH2 HH2 Hi2 7`2[m2Mx2
6B;X jXRj, `2 +QMbB/2`i M2HH b2xBQM2 jXjXk
_BbmHiiB b2Mx ;;`2;xBQM2 /2B +QbiB
6B;X jXR9, aQT`, `2 2bKBMi- +QM
QK#`2;;Bim` /2HH2 Q++HmbBQMBX aQiiQ,
KTT /B /BbT`Bi¨X
A `BbmHiiB bQMQ MHQ;?B  [m2HHB /2H
+bQ /B bmT2`}+B2 TBM- i`iiM/QbB
2z2iiBpK2Mi2 /B /m2 bmT2`}+B TBM2
2 MQM 2bb2M/Q+B +QMiKBMxBQM2 i` B
+QbiB /B TBt2H /B+2MiB UKM+ H 7@
b2 /B ;;`2;xBQM2VX G b2xBQM2 /2H
.aA U};m` jXR8V BM +Q``BbTQM/2M@
x /2HH b+MHBM2 +2Mi`H2 /2HHǶ`2
+QMbB/2`i- 2pB/2MxB mM M/K2M@
iQ B``2;QH`2- +QM `B;?2  #bbQ +QbiQ
Ud428 bmHH bBMBbi` 2 d410 bmHH /2@
bi`V MQM T`iB+QH`K2Mi2 K`+i2-
2 H T`2b2Mx /B KBMBKB HQ+HB M+?2
T2` Hi`B pHQ`B /2HHǶb+BbbX
































































6B;X jXR8, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`i- b2Mx ;;`2;xBQM2 /2B +QbiBX aB TQb@
bQMQ Qbb2`p`2 i`iiB Q`BxxQMiHB +QM +QbiB #bbB T2` d428 U bBMBbi`V d410
U /2bi`V- +Q2`2MiB +QM H ;2QK2i`B /2HH b+2MX GǶ;;`2;xBQM2 bm mM bmT@
TQ`iQ  /BbT`Bi¨ +QbiMi2 `2M/2 TBɍ K`+iB [m2biB KBMBKB U};m` jXRdV- +?2
mM bQKK HmM;Q /B`2xBQMB /Bp2`b2 p`2##2 BMp2+2 TQimiQ T2MHBxx`2 +QM
+QbiB K;;BQ`BX Ĕ [m2biQ mM 2b2KTBQ /2H KQ/Q BM +mB BH K2iQ/Q T`BpBH2;B H2
bmT2`}+B 7`QMiHBX
98_BbmHiiB /QTQ ;;`2;xBQM2 bm mM }M2bi` 21t21
6B;X jXRe, aQT`, `2 2b@
KBMi- +QM QK#`2;;Bim@
` /2B TBt2H T2` B [mHB MQM
pH2 H UjXkVX aQiiQ, KTT
/B /BbT`Bi¨X
GǶ;;`2;xBQM2 /2B +QbiB T2`K2ii2 mM +Q``2ii
ii`B#mxBQM2 /2HH2 /BbT`Bi¨ bmHH2 bmT2`}+B- K
+QM TmMiB M+Q` T`BpB /B +Q``BbTQM/2Mx #Bm@
MBpQ+ Ud  = d V M2B T`2bbB /2HH /Bb+QMiBMmBi¨X
Zm2biǶmHiBK `BbmHi 2bb2`2 bii HQ+HBxxi +Q`@
`2iiK2Mi2 HmM;Q HǶbb2 Q`BxxQMiH2 T2` [m2H +?2
`B;m`/ H b+MHBM2 +QMbB/2`i- K2Mi`2 TBɍ BM
HiQ 2 TBɍ BM #bbQ H /Bb+QMiBMmBi¨ bB ĕ bTQbi@
i p2`bQ /2bi`X *Bǁ bB Tmǁ ;BmbiB}+`2 MQiM/Q
M2HH b2xBQM2 /2H .aA +?2 HǶ2bi2MbBQM2 HQM;Bim/B@
MH2 /B mM ppHHK2MiQ /2B +QbiB HmM;Q mM HBM2
d =+QbiMi2- ĕ +QM/BxBQMi UBM b2;mBiQ HH 7@
b2 /B ;;`2;xBQM2V /HHǶ2MiBi¨ /2B +QbiB HmM;Q H
bi2bb HBM2X G2 2bi`2KBi¨ /B mM ppHHK2MiQ bB
HxMQ BM #b2 HH2 +`ii2`BbiB+?2 /2HH2 `22 /B@
+2MiB /2HHǶBKK;BM2- 2 BM/BT2M/2Mi2K2Mi2 /HH2
T`QT`B2X
6B;X jXRd, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`iX
9ejXjXj *QKTQ`iK2MiQ M2HH2 /Bb+QMiBMmBi¨ i` `2;BQMB
/BbQKQ;2M22 T2` +`ii2`BbiB+?2 /2H b2;MH2
6B;X jXR3, `2 +QMbB/2`i M2HH b2xBQM2 jXjXj
_BbmHiiB b2Mx ;;`2;xBQM2 /2B +QbiB
6B;X jXRN, aQT`, `2 2bKBMi- +QM
QK#`2;;Bim` /2B TBt2H T2` B [mHB
MQM pH2 H UjXkVX aQiiQ, KTT /B
/BbT`Bi¨X
L2HH2 `22 /B /2bi` 2 /B bBMB@
bi` HǶH;Q`BiKQ T`Q/m+2 mM KT@
T bBKBH2  [m2HH2 /2B +bB T`2@
+2/2MiB- BM bb2Mx /B ;;`2;xBQ@
M2 /2B +QbiBX L2HHǶ`2 +2Mi`H2
M2` B TBt2H `BbmHiMQ T2` HQ TBɍ
Q++HmbB- 2 H KTT MQM ii`B#mB@
b+2 mM pHQ`2 /B /BbT`Bi¨ BMi2`K2@
/BQ  [m2HHB /2HH2 `22 Hi2`HB U+Q@
K2 /Qp`2##2 BMp2+2 2bb2`2- /i H
;2QK2i`B /2HH b+2MVX G b2xBQ@
M2 /2H .aA KQbi` +?2 mM +QbiQ
KQHiQ #bbQ T2` [mHbBbB /BbT`B@





















lungo la scanline disparità, a meno di






6B;X jXky, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 H@
H b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`iX G2 +`2bi2 i`bp2`bHB `B~2iiQMQ H2
/Bb+QMiBMmBi¨ +`QKiB+?2 M2HHǶBKK;BM2X
_BbmHiiB /QTQ ;;`2;xBQM2 bm mM }M2bi` 21t21
6B;X jXkR, `2 2bKBMi 2
`2HiBp KTT /B /BbT`Bi¨X
M+Q` mM pQHi- M2HH2 `22 /Qp2 ĕ T`2b2Mi2
BM7Q`KxBQM2- bB Qbb2`p HǶbb2;MxBQM2 /B mM
pHQ`2 /B /BbT`Bi¨ +Q2`2Mi2 +QM H ;2QK2i`B
/2HH b+2MX HH T`i2 +2Mi`H2 MQM pB2M2 i@
i`B#mBi mM /BbT`Bi¨ BMi2`K2/B- bB Qbb2`p
bQHQ mM K;;BQ`2 `2;QH`Bi¨ /B pHQ`B BM+Q2@
`2MiBX PHi`2  [m2biQ bB MQi BH `2bi`BM;BK2MiQ
/2HHǶ`2 +2Mi`H2-  pMi;;BQ /B [m2HH2 Hi2`@
HBX Zm2bi2 mHiBK2 Ĝ +QK2 bB Qbb2`p M2HH b2xBQ@
M2 /2H .aA Ĝ M2HH 7b2 /B ;;`2;xBQM2 HH`;@
MQ HǶii`B#mxBQM2 /2B +QbiB HHǶ`2 /B+2Mi2-
7mQ`+?û BM +Q``BbTQM/2Mx /2;HB ppHHK2MiB-

























disparità, a meno di






6B;X jXkk, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`iX
jXjX9 *QKTQ`iK2MiQ M2HH2 `2;BQMB mMB7Q`KB
*QbiBimBb+2 mM /2HH2 bBimxBQMB K;;BQ`K2Mi2 +`BiB+?2 T2` HǶii`B#mxBQM2 /2B
+QbiBX
_BbmHiiB b2Mx ;;`2;xBQM2 /2B +QbiB
G K;;BQ` T`i2 /2HH `2;BQM2 2bKBMi TT@
`2 Q++Hmb- Tm` MQM 2bb2M/QHQ BM `2Hi¨ U`BbmHi
+BQĕ d  = d VX G KTT /B /BbT`Bi¨ ? mM M/@
K2MiQ KQHiQ B``2;QH`2- [mM/Q /Qp`2##2 BMp2@
+2 2bb2`2 mMB7Q`K2- i`iiM/QbB /B mM bmT2`}+B2
7`QMiH2 TBMX AMQHi`2 H ;KK /B /BbT`Bi¨
T`2b2MiB ĕ KQHiQ 2bi2b U/H #BM+Q H M2`QV- +QM@
i``BK2Mi2  [mMiQ H ;2QK2i`B /2HH b+2M
BKTQ``2##2X
9N6B;X jXkj, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`iX JH;`/Q bB i`iiB /B mM bmT2`}+B2
7`QMiH2- MQM TT`2 M2bbmM KBMBKQ +?2 bB 2bi2M/ HmM;Q mM HBM2 /B /BbT`Bi¨
+QbiMi2X
_BbmHiiB /QTQ ;;`2;xBQM2 bm mM }M2bi` 31t31
.BKBMmBb+2 BH MmK2`Q /B TBt2H +?2 `BbmHiMQ Q++HmbB
HHǶ2bK2 /2H +`Qbb@+?2+FBM;- K +QK2 `BbmHi /HH
KTT /B /BbT`Bi¨ +Bǁ MQM +Q``BbTQM/2  mM bB;MB}@
+iBpQ KB;HBQ`K2MiQ /2H `BbmHiiQ /2HHǶ2H#Q`xBQM2-
+?2 +QMiBMm  T`2b2Mi`2 mM ;KK 2bi2b /B
/BbT`Bi¨X
8y6B;X jXk9, M/K2MiQ /2B +QbiB BM mM b2xBQM2 /2H .aA +Q``BbTQM/2Mi2 HH
b+MHBM2 +2Mi`H2 /2HHǶ`2 +QMbB/2`iX G /BbT`Bi¨ +Q``2ii pH2 +B`+ Ry- K
H HBM2 d =1 0MQM +Q``BbTQM/2 H KBMBKQ T2` imii2 H2 b+Bbb2X A KbbBKB HmM;Q
B #Q`/B /2HH b2xBQM2 MQM bQMQ ;BmbiB}+#BHB +QM H bQH BKK;BM2 pBbmHBxxi-
/H KQK2MiQ +?2 HǶ;;`2;xBQM2 bm mM }M2bi` /B HiQ jR ++mKmH +QbiB
2bi2`MB HH xQM 2bKBMiX
8R8k*TBiQHQ 9
aT+2@hBK2 ai2`2Q iiBpQ
AM+Hm/2`2 +QMbB/2`xBQMB i2KTQ`HB M2H T`Q#H2K /2HH `B+Qbi`mxBQM2 /B mM
b+2M Tmǁ T2`K2ii2`2 /B `++Q;HB2`2 BM7Q`KxBQMB TBɍ ++m`i2 T2` BH +H+Q@
HQ /2HH /BbT`Bi¨X *Bǁ ĕ biiQ / 2b2KTBQ `2HBxxiQR Ĝ b2Mx KQ/B}+`2
HǶ?`/r`2 BKTB2;iQ Ĝ M2HHǶK#BiQ /2HH i`BM;QHxBQM2 Hb2`- mM i2+MB+ 7@
}M2 HHQ bi2`2Q Ki+?BM;- M2HH [mH2 H2 BM7Q`KxBQMB M2+2bb`B2 H +H+QHQ /2HH
+QQ`/BMi z T`Qp2M;QMQ / mM 7QiQ+K2` 2 / mM T`QB2iiQ`2 Hb2`- MxB+?û
/ /m2 7QiQ+K2`2X
S2` `2M/2`2 TQbbB#BH2 mM bBKBH2 ;2M2`HBxxxBQM2 M2H Ki+?BM; #BMQ+m@
H`2 ĕ M2+2bb`BQ +[mBbB`2 TBɍ BKK;BMB M2H i2KTQX G `2;Bbi`xBQM2 /2HH2
+QTTB2 /B BKK;BMB BM +QM/BxBQMB +QbiMiB Ub+2M 2 BHHmKBMxBQM2 biiB+?2V
MQM p`2##2 mM bB;MB}+iBpQ BKTiiQ bmHH Ki`B+2 /2B +QbiB, M2HH2 BTQi2bB /B
`mKQ`2 +bmH2  K2/B MmHH- 2 b+Q``2HiQ /H b2;MH2- T2`K2ii2`2##2 bQHQ
BH KB;HBQ`K2MiQ /2H `TTQ`iQ b2;MH2 `mKQ`2 /2HH2 BKK;BMB /B mM 7iiQ`2  
N- /Qp2 N ĕ BH MmK2`Q /B +QTTB2 /B 7QiQX S2`+?û bB H2+BiQ bT2ii`bB mM
+QMbBbi2Mi2 KB;HBQ`K2MiQ /2HH [mHBi¨ /2HH KTT /B /BbT`Bi¨ ĕ M2+2bb`BQ
KQ/B}+`2 BH .aA- Hi2`M/Q HǶbT2iiQ /2HH b+2M U2 [mBM/B B +QbiB K2KQ`Bxx@
iB M2H .aAV b2Mx KQ/B}+`M2 H ;2QK2i`BX GQ bi2`2Q iiBpQk KB` T`QT`BQ /
mK2Mi`2 H p`B#BHBi¨ /2HH2 bBM;QH2 BKK;BMB T`QB2iiM/Q bmHH b+2M QTTQ`@
imMB Tii2`M /B Hm+2X Zm2bi i2+MB+ i`Qp BKTB2;Q M+?2 M2HH `B+Qbi`mxBQM2
/B b+2M2 BM KQpBK2MiQ- 2 TTHB+i  b+2M2 biiB+?2 bB ĕ /BKQbi`iQ 2bb2`2
mM K2iQ/Q /iiQ HH +Qbi`mxBQM2 /B KTT2 T`2+Bb2 2 {/#BHB-j miBHBxx#BHB
+QK2 i2`KBMB /B T`;QM2 T2` H2 T`2bixBQMB /B Hi`B H;Q`BiKBX
R"X *m`H2bb- J G2pQvX "2ii2` PTiB+H h`BM;mHiBQM i?`Qm;? aT+2iBK2 MHvbBbX
kCX .pBb- _X _KKQQ`i?B- aX _mbBMFB2rB+x- aT+2iBK2 ai2`2Q,  lMB7vBM; 6`K2rQ`F
7Q` .2Ti? 7`QK h`BM;mHiBQM 2 GB w?M;- "X *m`2H2bb- aX JX a2Bix- aT+2iBK2 ai2`2Q, a?T2
_2+Qp2`v 7Q` .vMKB+ a+2M2b
j.MB2H a+?`bi2BM- _B+?`/ ax2HBbFB >B;?@++m`+v ai2`2Q .2Ti? JTb lbBM; ai`m+im`2/
GB;?iX
8j9XR *QKT`QK2bbQ i` `BbQHmxBQM2 2 ++m`i2x@
x M2HH ;;`2;xBQM2 +QM }t2/ rBM/Qr
G2 +mb2 /2;HB 2``Q`B /2H K2iQ/Q }t2/ rBM/Qrb +QM bi`i2;B /B QiiBKBxxxBQM2
rBMM2` iF2b HH bQMQ /Qpmi2 H 7iiQ +?29,
Ç ĕ BKTHB+Bi HǶBTQi2bB /B mM b+2M +QKTQbi / bmT2`}+B 7`QMiHBc
Ç p2M;QMQ B;MQ`i2 H2 /Bb+QMiBMmBi¨ /B T`Q7QM/Bi¨c
Ç MQM +ĕ `Q#mbi2xx `BbT2iiQ / `22 T`Bp2 /B i2tim`2c
Ç MQM +ĕ `Q#mbi2xx `BbT2iiQ / `22 +QM Tii2`M `BT2imiBc
.HH2 Qbb2`pxBQMB +?2 bB TQbbQMQ i```2 /HH2 T`Qp2 +?2 +QM+Hm/QMQ BH +TB@
iQHQ T`2+2/2Mi2 B T`BKB /m2 TmMiB bQMQ ++QKmM#BHB M2HHǶ2bb2`2 +QMb2;m2Mx
/2HHǶBTQi2bB- BKTHB+Bi M2HHǶ;;`2;xBQM2 +QM }t2/ rBM/Qrb- +?2 +Bb+mM TBt2H
bB BMi2`MQ  mM bmT2`}+B2 TBM /2HH /BK2MbBQM2 /2H bmTTQ`iQ UX AH +QMb2@
;m2Mi2 2z2iiQ M2;iBpQ ĕ ii2MmiQ /HH b+2Hi /B mM bmTTQ`iQ TBɍ TB++QHQ-
2/ ĕ MMmHHiQ [mM/Q U ĕ +QbiBimBiQ / mM bQHQ TBt2HX AM [m2biǶmHiBKQ +bQ
ĕ BM7iiB MMmHHi HǶBM+B/2Mx /2B +QbiB /2HH2 `22 /B+2MiB U+QK2 Qbb2`piQ
BM jXjXjVX
h#2HH 9XR, T`BM+BTHB 7iiQ`B +`BiB+B M2H K2iQ/Q }t2/ rBM/Qrb U};m` 9XRVX
Hi /Bb+`BKBM#BHBi¨ #bb /Bb+`BKBM#BHBi¨
i` TBt2H i` TBt2H
}M2bi` TB++QH V +Q``2ii +QHHQ+xBQM2 "V +Q``2ii +QHHQ+xBQM2
/2HH2 /Bb+QMiBMmBi¨c /2HH /Bb+QMiBMmBi¨c
``B 2``Q`B M2H MmK2`QbB 2``Q`B M2H
+`Qbb@+?2+FBM;c +`Qbb@+?2+FBM;c
}M2bi` ;`M/2 *V K2MQ 2``Q`B M2H +`Qbb@ .V /BzmbB 2``Q`B M2H
+?2+FBM; `BbT2iiQ / c +`Qbb@+?2+FBM;c
BKT`2+BbBQMB M2HH2 BKT`2+BbQMB M2HH2
/Bb+QMiBMmBi¨c /Bb+QMiBMmBi¨c
9 b+?2KiBxxxBQM2 i`ii / ai27MQ JiiQ++B ?iiT,ffrrrXpBbBQMX/2BbXmMB#QXBifbKiif
a2KBM`bfai2`2QoBbBQMXT/7 TX 8R
896B;X 9XR, 2b2KTB `2HiBpB HH i#2HH 9XR- +QM bmTTQ`iB jtj U 2 "V 2 jRtjR U*
2 .VX  bBMBbi` bQMQ 2pB/2MxBiB B TBt2H M2;iBpB H +`Qbb@+?2+FBM;-  /2bi`
H KTT /B /BbT`Bi¨X 88A `BKM2MiB /m2 TmMiB TQbbQMQ 2bb2`2 M+?Ƕ2bbB `BmMBiB- 2bb2M/Q +QMb2;m2M@
x /2HH MQM /Bb+`BKBM#BHBi¨ i` TmMiB- /Bzmb BM mMǶ`2 BM mM +bQ U`22
mMB7Q`KBV- +QM+2Mi`i BM bT2+B}+B TmMiB M2HHǶHi`Q UTii2`M `BT2imiBVX *QM
`B72`BK2MiQ HH };m` 9XR 2 HH i#2HH 9XR ĕ pBbB#BH2 +?2 B `BbmHiiB KB;HBQ`B
BM i2`KBMB /B T`2+BbBQM2 bB Qii2M;QMQ M2HH2 +QM/BxBQMB /2H +bQ X G T`2b2Mx
/B `22 mMB7Q`KB mK2Mi BH MmK2`Q /B +Q``BbTQM/2Mx2 K#B;m2 Ud  = d V2
+Qbi`BM;2 / KTHB`2 BH bmTTQ`iQ-  b+TBiQ /2HH T`2+BbBQM2X
9Xk 1z2iiQ /2HHǶ;;`2;xBQM2 M2HH /BK2MbBQ@
M2 /2H i2KTQ
G i2+MB+ /2HHQ bT+2@iBK2 bi2`2Q ? HǶQ#B2iiBpQ /B +`2`2 mM .aA +QM H2 +@
`ii2`BbiB+?2 /2H +bQ - miBHBxxM/Q mM bmTTQ`iQ /B /BK2MbBQMB RtR Q jtj- 2
bQTT2`2M/Q HHǶ2p2MimH2 #bb /Bb+`BKBM#BHBi¨ i` TBt2H +QM H T`QB2xBQM2 /B
mM Tii2`M HmKBMQbQ U};m` 9XkVX
6B;X 9Xk, 2b2KTBQ /B Tii2`M T`QB2iiiQ bmHH b+2MX
AH Tii2`M /2p2 p2`2 +`ii2`BbiB+?2 iHB / mK2Mi`2 H p`B#BHBi¨ HmM@
;Q H2 b+MHBM2 U[m2biQ ;BmbiB}+ H b+2Hi /B mM Tii2`M +QM `B;?2 p2`iB+HBV-
7+2M/Q +`2b+2`2 BH +QbiQ bbQ+BiQ HH2 +Q``BbTQM/2Mx2 2``i2X Zm2biQ ĕ /B
T2` bû bm{+B2Mi2  KB;HBQ``2 H [mHBi¨ /2HH KTT Qii2Mmi / mM bBM;Q@
H +QTTB /B BKK;BMBX _BT2i2M/Q HǶQT2`xQM2 T2` N +QTTB2 /B BKK;BMB bB
Qii2M;QMQ Hi`2iiMi2 DSIi +QM /Bbi`B#mxBQM2 /2B +QbiB TmMimHK2Mi2 /Bp2`b2
UDSIi(u0,v 0,d 0)  = DSIj(u0,v 0,d 0)- BM ;2M2`H2V- K KQ`7QHQ;B+K2Mi2 bBKB@
HB M2H TQbBxBQMK2MiQ /2B KBMBKB `2HiBpB +?2 bQMQ +Q2`2MiB +QM H ;2QK2i`B
/2HH b+2MX Hi`B KBMBKB TQbbQMQ 2bb2`2 T`2b2MiB- +QMb2;m2Mx /B mMB7Q`KBi¨
8e6B;X 9Xj, b2xBQMB /2H .aA `2HiBp2  mM bi2bb `2 T2` B Tii2`M 2pB/2MxBiB
BM };m` 9X9X
8d6B;X 9X9, [mii`Q Tii2`M T`QB2iiiB bm mM T`i2X
HQ+HB /2B +MHB _:"X o`BM/Q H2 `B;?2 /2H Tii2`M [m2biB KBMBKB BM+Q2@
`2MiB +QM H ;2QK2i`B +K#BMQ /B TQbBxBQM2 2 p2M;QMQ bQbiBimBiB / +`2bi2X
Zm2biQ ĕ pBbB#BH2 M2HH2 b2xBQMB /2H .aA /B };m` 9Xj- `B72`Bi2 B [mii`Q Tii2`M
/B };m` 9X9X AH bQH+Q  /BbT`Bi¨ ky +Q``BbTQM/2 HH /BbiMx /HH T`2i2-
2/ ĕ T`2b2Mi2 BM imii2 H2 [mii`Q b2xBQMBX :HB Hi`B KBMBKB BMp2+2 +K#BMQ
/ Q;MB BKK;BM2- H p`B`2 /2HHQ bT2bbQ`2 2 /2H TQbBxBQMK2MiQ /2HH2 `B;?2





M2H +bQ MQM +B bB ;;`2;xBQM2 /2B +QbiB- mM TBt2H MQM Q++HmbQ (u0,v 0) p`¨
bbQ+BiQ mM +QbiQ #bbQ HH /BbT`Bi¨ +Q``2ii ¯ d BM imiiB B DSIiX H +QMi``BQ-
bHpQ bBimxBQMB MQKH2- BM imii2 H2 Hi`2 /BbT`Bi¨ BH +QbiQ p`B +QM BH p`B`2
/2H Tii2`MX AH `BbmHiiQ /2HH bQKK ĕ pBbB#BH2 M2HH };m` 9X8X Ĕ 2pB/2Mi2
+?2 H b+2Hi /2HH /BbT`Bi¨ /B +QbiQ KBMBKQ MQM ĕ bQ;;2ii / K#B;mBi¨ M2H
+bQ N =1 0 0 X
 T`i2 H2 Q++HmbBQMB 2 H2 bmT2`}+B `B~2ii2MiB U;B¨ 2b+Hmb2 /H pBM+QHQ /B
mMB+Bi¨- 2  K;;BQ` `;BQM2 / 2pBi`2 M2H +bQ bB miBHBxxB mM T`QB2iiQ`2V- H2
MQKHB2 bQMQ /Qpmi2  `22 /2HH b+2M +?2 MQM `B~2iiQMQ  bm{+B2Mx BH
Tii2`MX AM i2Q`B- T2` mM bmT2`}+B2 iQiHK2Mi2 QT+ H /2i2`KBMxBQM2
/2HH /BbT`Bi¨ MQM i`2 pMi;;BQ /HHǶmbQ /B mM T`QB2iiQ`2c BM i2`KBMB T`iB+B
T2`ǁ BH Tii2`M +mb b2KT`2 mM mK2MiQ /2B +QbiB T2` H2 +Q``BbTQM/2Mx2 2``@
i2- M+?2 b2 [m2biQ BM+`2K2MiQ Tmǁ 2bb2`2 KQHiQ +QMi2MmiQX G +QMb2;m2Mx
ĕ mM +QMp2`;2Mx TBɍ H2Mi p2`bQ BH pHQ`2 }MH2X Zm2biB bT2iiB b`MMQ
MHBxxiB [mMiBiiBpK2Mi2 M2H +TBiQHQ bm++2bbBpQX
836B;X 9X8, b2xBQMB /2H DSI T2` /Bp2`bB pHQ`B /B LX
8N9Xj AKTH2K2MixBQM2 /2HHQ bT+2@iBK2 bi2`2Q
GǶ2H#Q`xBQM2 /2HH KTT /B /BbT`Bi¨  T`iB`2 /B /ib2i /B BKK;BMB
`2iiB}+i2 ĕ bii BKTH2K2Mii BM *- miBHBxxM/Q H HB#`2`B PT2M*oX
9XjXR *H+QHQ /2B .aA
HH #b2 /2HHǶ2H#Q`xBQM2 /2HH KTT /B /BbT`Bi¨ +Ƕĕ H 7mMxBQM2 +?2 
T`iB`2 / mM +QTTB /B BKK;BMB `2iiB}+i2 +Qbi`mBb+2 BH .aA- miBHBxxM/Q
HǶH;Q`BiKQ }t2/ rBM/QrbX G p2HQ+Bi¨ /B [m2biQ K2iQ/Q ĕ /Qpmi HHǶBKTH2K2MixBQM2
+QM H;Q`BiKQ #Qt@}Hi2`BM; U};m` 9XeV +?2 `2M/2 H +QKTH2bbBi¨ O(WHL)-
BM/BT2M/2Mi2 /HH /BK2MbBQM2 /2H bmTTQ`iQX
6B;X 9Xe, ;;`2;xBQM2 /2B +QbiB +QM H;Q`BiKQ #Qt@}Hi2`BM;X AH +H+QHQ /B
+Bb+mM +QbiQ ;;`2;iQ UCSADV `B+?B2/2 bQHQ [mii`Q QT2`xBQMB- +Q``BbTQM@
/2MiB HHǶ;;BQ`MK2MiQ /2B T`BKB 2 mHiBKB i2`KBMB /2HH2 /m2 bQKKiQ`B2,
Zi =
 v0+r
i=v0 r CAD(u0,i) 2 CSAD(u0,v 0)=
 u0+r
i=u0 r ZiX
hH2 QT2`xBQM2- +?2 +QK#BM H 7b2 /B +H+QHQ /2B +QbiB 2 [m2HH /B
;;`2;xBQM2- ĕ `2HBxxi /HH 7mMxBQM2
pQB/ #Qtn7BHi2`BM;nh.nbi2`2Qn+QHQ`UV
ey:HB `;QK2MiB TbbiB / 2bb bQMQ- M2HHǶQ`/BM28,
Ç BMi r, H`;?2xx /2HH2 BKK;BMBc
Ç BMi ?, Hi2xx /2HH2 BKK;BMBc
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
Ç BMi Q77bnt, /BbT`Bi¨ KBMBK dispminc
Ç ATHAK;2  G, BKK;BM2 bBMBbi`c
Ç ATHAK;2  _, BKK;BM2 /2bi`c
Ç BMi   Qmi, BH `BbmHiiQ /2HHǶ2H#Q`xBQM2 ĕ ++2bbB#BH2 i`KBi2 [m2biQ
TmMiiQ`2X 1bbQ TmMi H .aA- +H+QHiQ miBHBxxM/Q HǶBKK;BM2 /B bBMB@
bi` +QK2 `B72`BK2MiQX PppBK2Mi2 H K2KQ`B /2pǶ2bb2`2 T`2p2MiBp@
K2Mi2 HHQ+ic
Ç BMi   QminBMp, +QK2 Qmi- K T2` BH .aA +H+QHiQ miBHBxxM/Q HǶBKK;BM2
/B /2bi` +QK2 `B72`BK2MiQX a2 m;mH2  LlGG pB2M2 B;MQ`iQc
Ç BMi `, `;;BQ /2H bmTTQ`iQc
Ç BMi i?`2b?QH/, bQ;HB miBHBxxi M2H +H+QHQ /2H +QbiQ i`KBi2 h.c
1b2KTBQ /B HHQ+xBQM2 /2H .aA,
BMi   .aA 4 UBMi   V+HHQ+UqB/i? >2B;?i- bBx2Q7UBMi VVc
7Q` UBMi B4yc BIqB/i? >2B;?ic BYYV
.aA(B) 4 UBMi  V +HHQ+UM.BbT- bBx2Q7UBMiVVc
AH +H+QHQ /B 2Mi`K#2 H2 .aA MQM ? mM +QbiQ +QKTmixBQMH2 bB;MB}+@
iBpK2Mi2 bmT2`BQ`2 H +H+QHQ /B mM bBM;QH .aA- /H KQK2MiQ +?2 B +QbiB
/2HH2 +Q``BbTQM/2Mx2 bQMQ ;HB bi2bbBX  /Bz2`B`2 ĕ bQHQ HǶQ`/BM2 BM +mB [m2biB
+QbiB p2M;QMQ bHpiB M2HH Ki`B+2 U};m` 9XdVX
87ii 2++2xBQM2 T2` H ;2biBQM2 /2HHǶmb+Bi QminBMp- BH +Q/B+2 /B [m2bi 7mMxBQM2 ĕ biiQ
K2bbQ  /BbTQbBxBQM2 /H T`Q72bbQ` ai27MQ JiiQ++B /2HHǶmMBp2`bBi¨ /B "QHQ;MX
eR6B;X 9Xd, /Bp2`b /BbTQbBxBQM2 /2B K2/2bBKB +QbiB M2H .aA +?2 ? T2` `B72`B@





2z2iim BH +H+QHQ /2H .aA b2+QM/Q BH K2iQ/Q QKQMBKQX 1bb `B+2p2 BM BM;`2bbQ,
Ç BMi qB/i?, BH .aA +mKmHiBpQ- Q M+?2 mM .aA 7`miiQ /B mM bQH +QTTB
/B BKK;BMBX
Ç BMi >2B;?i, Hi2xx /2HH2 BKK;BMBc
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
Ç BMi Q77bnt, /BbT`Bi¨ KBMBK dispminc
Ç ATHAK;2  G, BKK;BM2 bBMBbi`c
Ç ATHAK;2  _, BKK;BM2 /2bi`c
Ç BMi   .aA, +QK2 Qmi BM 9XjXRc
Ç BMi   .aAk, +QK2 QminBMp BM 9XjXRX oB2M2 B;MQ`iQ b2 LlGGc
Ç BMi M, /BK2MbBQM2 Hi2`H2 /2HH }M2bi` [m/`ic
Ç BMi i?`2b?QH/, bQ;HB miBHBxxi M2H +H+QHQ /2H +QbiQ i`KBi2 h.c
A +QbiB /2HH2 /BbT`Bi¨ p2M;QMQ +H+QHiB BMpQ+M/Q Bi2`iBpK2Mi2- T2`
n2 pQHi2 UHQ bi2bbQ 7iiQ`2 +?2 KQHiBTHB+ M+?2 BH +QbiQ +QKTmixBQMH2V- H
7mMxBQM2
pQB/ #Qtn7BHi2`BM;nh.nbi2`2Qn+QHQ`n9UV
ek+?2 ĕ mM p2`bBQM2 KQ/B}+i /2HH 7mMxBQM2 +?2 BKTH2K2Mi BH K2iQ/Q }t2/
rBM/QrbX A T`K2i`B bQMQ,
Ç BMi r, H`;?2xx /2HH2 BKK;BMBc
Ç BMi ?, Hi2xx /2HH2 BKK;BMBc
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
Ç BMi Q77bnt, /BbT`Bi¨ KBMBK dispminc
Ç ATHAK;2  G, BKK;BM2 bBMBbi`c
Ç ATHAK;2  _, BKK;BM2 /2bi`c
Ç BMi   Qmi, +QK2 BM 9XjXRc
Ç BMi   QminBMp, +QK2 BM 9XjXRX oB2M2 B;MQ`iQ b2 LlGGc
Ç BMi `nbt, /BbiMx i` BH TBt2H +QMbB/2`iQ 2 BH K`;BM2 bBMBbi`Q /2H
bmTTQ`iQ UBM TBt2HVc
Ç BMi `n/t, /BbiMx i` BH TBt2H +QMbB/2`iQ 2 BH K`;BM2 /2bi`Q /2H
bmTTQ`iQ UBM TBt2HVc
Ç BMi HnmT, /BbiMx i` BH TBt2H +QMbB/2`iQ 2 BH K`;BM2 bmT2`BQ`2 /2H
bmTTQ`iQ UBM TBt2HVc
Ç BMi Hn/QrM, /BbiMx i` BH TBt2H +QMbB/2`iQ 2 BH K`;BM2 BM72`BQ`2 /2H
bmTTQ`iQ UBM TBt2HVc
Ç BMi i?`2b?QH/, bQ;HB miBHBxxi M2H +H+QHQ /2H +QbiQ i`KBi2 h.c
G 7mMxBQM2
pQB/ r2B;?i2/n.aAUV
2H#Q` BH .aA- ;;`2;M/Q B +QbiB 2 T2bM/QHB b2+QM/Q H /BbiMx 2 H bQ@
KB;HBMx `BbT2iiQ H TBt2H +2Mi`H2 /2HH }M2bi`e A T`K2i`B /2HH 7mMxBQM2
bQMQ,
Ç ATHAK;2  G, BKK;BM2 bBMBbi`c
ebB i`ii /2H K2iQ/Q /2b+`BiiQ BM EmF@CBM uQQM- AM aQ Er2QM /TiBp2 amTTQ`i@q2B;?i
TT`Q+? 7Q` *Q``2bTQM/2M+2 a2`+?X
ejÇ ATHAK;2  _, BKK;BM2 /2bi`c
Ç 7HQi   .aA, +QK2 Qmi BM 9XjXRc
Ç 7HQi   rnbt, T2bB ii`B#mBiB B TBt2H /2HHǶBKK;BM2 bBMBbi`c
Ç 7HQi   rn/t, T2bB ii`B#mBiB B TBt2H /2HHǶBKK;BM2 /2bi`c
Ç BMi `, `;;BQ /2H bmTTQ`iQc
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
Ç BMi Q77bnt, /BbT`Bi¨ KBMBK dispminc
Ç BMi h, pHQ`2 HBKBi2 /2H +QbiQc
A T2bB rnbt 2 rn/t p2M;QMQ +H+QHiB /HH 7mMxBQM2
pQB/ +H+QHQnT2bBUV
G BMpQ+xBQM2 /2p2 /2}MB`2,
Ç ATHAK;2  BKK, BKK;BM2 /B +mB bB +H+QHMQ B T2bBX aB Qii2M;QMQ
`BbmHiiB KB;HBQ`B b2 B +QHQ`B bQMQ `TT`2b2MiiB M2HHQ bTxBQ *A1G#c
Ç 7HQi   r2B;?i, ĕ HǶQmiTmi /2HH 7mMxBQM2X 1Ƕ +QbiBimBiQ / mM MmK2`Q
/B p2iiQ`B T`B H MmK2`Q /B TBt2HX *Bb+mM p2iiQ`2 +QMiB2M2 (2r +1 ) 2
2H2K2MiBc
Ç BMi `, `;;BQ /2H bmTTQ`iQc
Ç BMi r, H`;?2xx /2HHǶBKK;BM2c
9XjXj *H+QHQ /2HH2 bQKK2 T`xBHB /2B .aA
GǶQT2`xBQM2 ppB2M2 ++mKmHM/Q B +QbiB /2B bm++2bbBpB .aA bm Ki`B+B /2HH2




Ç BMi   .aAnbmK, BH .aA +mKmHiBpQc
Ç BMi   .aA, ĕ BH .aA +?2 bB pmQH2 bQK`2 H .aA +mKmHiBpQc
Ç BMi qB/i?, H`;?2xx /2HH2 BKK;BMBc
Ç BMi >2B;?i, Hi2xx /2HH2 BKK;BMBc
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
e99XjX9 *H+QHQ /2HH KTT /B /BbT`Bi¨
oB2M2 +H+QHi /HH 7mMxBQM2
pQB/ KTTn/BbTUV
+?2 `B+2p2 B T`K2i`B,
Ç BMi   .aAnbmK, BH .aA +mKmHiBpQ- Q M+?2 mM .aA 7`miiQ /B mM bQH
+QTTB /B BKK;BMBX
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
Ç BMi Q77bnt, /BbT`Bi¨ KBMBK dispminc
Ç BMi qB/i?, +QK2 BM 9XjXRc
Ç BMi >2B;?i, Hi2xx /2HH2 BKK;BMBc
Ç 7HQi  /i, Ki`B+2 /2HH bi2bb /BK2MbBQM2 /2HH2 BKK;BMB- +?2
+QbiBimBb+2 BH `BbmHiiQ /2HHǶ2H#Q`xBQM2c
G 7mMxBQM2 KTTn/BbTUV MQM 7 +?2 T2`+Q``2`2 .aAnbmK b2+QM/Q ;HB BM/B+B
`2HiBpB B Uq >V TBt2H-  +mB +Q``BbTQM/QMQ Hi`2iiMiB p2iiQ`B- 2 `B+?BK`2
T2` +Bb+mMQ H 7mMxBQM2
7HQi /BbTnKBMn+QbiUV
A T`K2i`B /B [m2biǶmHiBK bQMQ,
Ç BMi  +QbiB, bQMQ B p2iiQ`B +?2 +QbiBimBb+QMQ BH .aAX *Bb+mMQ /B 2bbB
+QMiB2M2 imiiB B +QbiB bbQ+BiB HH2 +Q``BbTQM/2Mx2 /B mM bBM;QHQ TBt2Hc
Ç BMi HmM;?2xx, `M;2 /2HH2 /BbT`Bi¨- +QK2 M.BbT M2HH2 T`2+2/2MiB
7mMxBQMBX *QBM+B/2 +QM H HmM;?2xx /2H p2iiQ`2 TbbiQ +QK2 T`BKQ
`;QK2MiQc
Zm2bi 7mMxBQM2 +2`+ H /BbT`Bi¨ /B KBMBKQ +QbiQX a2 2bb ĕ BMi2`M H@
H ;KK /B pHQ`B U+BQĕ b2 MQM pH2 dmin Q dmaxV HHQ` pB2M2 BMpQ+i H
7mMxBQM2
7HQi ;2inbm#TBt2Hn/DmbiK2MinKBMUV
+?2  T`iB`2 /H +QbiQ KBMBKQ 2 /B +QbiB /2HH2 /BbT`Bi¨ /B+2MiB /2i2`KBM
Ĝ i`KBi2 BMi2`TQHxBQM2 +QM mM T`#QH Ĝ HǶ//2M/Q +Q``2iiBpQ T2` Qii2M2`2
H T`2+BbBQM2 bm#TBt2H U+QK2 /2b+`BiiQ M2H +TBiQHQ jVX
S`K2i`B /B ;2inbm#TBt2Hn/DmbiK2MinKBMUV,
e8Ç BMi H27i, +QbiQ /2HH /BbT`Bi¨ T`2+2/2Mi2  [m2HH /B +QbiQ KBMBKQc
Ç BMi +2Mi2`, /BbT`Bi¨ /B +QbiQ KBMBKQc




pHmi T2` +Bb+mM TBt2H H pHB/Bi¨ /2HH +QM/BxBQM2,
d(u,v)=d
 (u   d(u,v),v)
GBbi /2B T`K2i`B,
Ç BMi qB/i?, H`;?2xx /2HHǶBKK;BM2c
Ç BMi >2B;?i, Hi2xx /2HH2 BKK;BMBc
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨ Udispmax   dispmin +1 Vc
Ç BMi Q77bnt, /BbT`Bi¨ KBMBK dispminc
Ç 7HQi  /i, KTT /B /BbT`Bi¨ Qii2Mmi / KTTn/BbTUV miBHBx@
xM/Q H .aA +?2 ? HǶBKK;BM2 bBMBbi` +QK2 `B72`BK2MiQ UQmi /2HH
7mMxBQM2 /2b+`Bii BM 9XjXRVc
Ç 7HQi  /ik, +QK2 H T2`+2/2Mi2- K Qii2Mmi  T`iB`2 / mM .aA
+H+QHi p2M/Q HǶBKK;BM2 /2bi` +QK2 `B72`BK2MiQ UQminBMp /2HH
7mMxBQM2 /2b+`Bii BM 9XjXRVc
Ç BMi h, ĕ H bQ;HB +QM +mB pB2M2 +QM7`QMii H /Bz2`2Mx /2HH2 /BbT`Bi¨X
PHi`2 H bQ;HB BH TBt2H `BbmHi Q++HmbQc
Ç +?`  Q++HmbBQMB, `BbmHiiQ /2HHǶ2H#Q`xBQM2- bHpi BM mM p2iiQ`2
/B +?` /B /BK2MbBQM2 W   H 2 T`2p2MiBpK2Mi2 HHQ+iQX H pHQ`2 R
+Q``BbTQM/2 mM TBt2H Q++HmbQ  y mM TBt2H MQM Q++HmbQc
9XjXe Hi`2 7mMxBQMB
Hi`2 7mMxBQMB `2HBxxi2- MQM bi`2iiK2Mi2 M2+2bb`B2 T2` BH +H+QHQ /2HH
KTT /B /BbT`Bi¨X
ee1bi`xBQM2 `22 /B BMi2`2bb2
GǶ2H#Q`xBQM2 /2HH .aA /B /ib2i KQHiQ ;`M/B Tmǁ `B+?B2/2`2 i2KTB HmM@
;?B UH+mM2 /2+BM2 /B KBMmiB T2` kyy +QTTB2 /B BKK;BMB / dyyE TBt2HVX
AH +H+QHQ Tmǁ 2bb2`2 HBKBiiQ  mM TQ`xBQM2 /2HHǶBKK;BM2 p2HQ+BxxM/Q
HǶQT2`xBQM2 /B mM 7iiQ`2 T`B HH `B/mxBQM2 /2HHǶBKK;BM2X G 7mMxBQM2
ATHAK;2  2bi`B_PAUV 2bi`2 mM T`i2 /2HHǶBKK;BM2X S`K2i`B,
Ç ATHAK;2  BK;, BKK;BM2 /HH [mH2 bB 2bi`2 HǶ`2 /B BMi2`2bb2c
Ç *p_2+i _PA, *p_2+i ĕ mM bi`miim` /2HH HB#`2`B PT2M*o +?2 B/2MiB}@
+ mM `2iiM;QHQ- 2 +?2 BM [m2biQ +QMi2biQ `TT`2b2Mi HǶ`2 /ǶBMi2`2bb2c
Ç BMi i`bHxBQM2, [mMiB}+ HǶ2MiBi¨ /B mM i`bHxBQM2 p2`bQ bBMBbi`
/2HH _PAc
aiiBbiB+?2 bmHH `TB/Bi¨ /B +QMp2`;2Mx
L2H +bQ bBMQ biiB bHpiB B `BbmHiiB /B mMǶ2H#Q`xBQM2 T`2+2/2Mi2- ĕ TQbbB@
#BH2 `BT2i2`2 H bi2bb 2H#Q`xBQM2- +H+QHM/Q / Q;MB Bi2`xBQM2 H /BbiMx
K2/B /H pHQ`2 }MH2 BM mM /2i2`KBMi `2 `2iiM;QH`2X GǶQT2`xBQM2 ĕ
2b2;mBi /HH 7mMxBQM2 7HQi +H+QHQnMQ`KUVX S`K2i`B,
Ç 7HQi  /, KTT /B /BbT`Bi¨ +Q``2Mi2K2Mi2 +H+QHic
Ç BMi q, H`;?2xx /2HH2 BKK;BMB /B +mB bB +H+QH H .aAc
Ç 7HQi  Ti`, /BbT`Bi¨ T`2+2/2Mi2K2Mi2 bHpi2 U`BbT2iiQ HH2 [mHB
[m2HH2 +Q``2MiB p2M;QMQ pHmii2Vc
Ç *p_2+i _2ii, `2 BM +mB bB +H+QH H /BbiMx i` H KTT +Q``2Mi2
2 [m2HH }MH2c
Ç *p_2+i _2iik, `2;BQM2 /B BMi2`2bb2 BM +mB H .aA pB2M2 +H+QHic
Ç +?`  Q++H, p2iiQ`2 /2HH2 Q++HmbBQMBX a2 LlGG MQM ? H+mM 2z2iiQX
Hi`BK2MiB H /BbiMx i` BH pHQ`2 +Q``2Mi2 2 [m2HHQ }MH2 MQM T`2M/2
BM +QMbB/2`xBQM2 B TmMiB Q++HmbBc
G 7mMxBQM2 bQKK H2 /Bz2`2Mx2 bbQHmi2 i` BH pHQ`2 +Q``2Mi2 2 [m2HHQ }@
MH2 /2HH /BbT`Bi¨X G bQKK pB2M2 /BpBb T2` BH MmK2`Q iQiH2 /B TBt2H
+QMbB/2`iB U`2 /B _2ii K2MQ ;HB 2p2MimHB TBt2H Q++HmbBVX
lMǶHi` 7mMxBQM2- pQB/ 7BH2nTmMiQnKUV- b+`Bp2 BM mM }H2 /B i2biQ- +QM
H bBMibbB /B JhG#- H2 Bbi`mxBQMB T2` pBbmHBxx`2 HǶM/K2MiQ /2HH +QM@
p2`;2Mx p2`bQ BH pHQ`2 }MH2X S`K2i`B,
edÇ BMi J, MmK2`Q /B +QTTB2 /B BKK;BMB +QMbB/2`i2c
Ç BMi h, pHQ`2 /B bQ;HB miBHBxxiQ /HH h. c
Ç BMi _, `;;BQ /2H bmTTQ`iQc
Ç 7HQi  +QMp, p2iiQ`2 BM +mB bQMQ bHpi2 H2 /BbiMx2 K2/B2 /H pHQ`2 }@
MH2 / Q;MB TbbQ /2HHǶ2H#Q`xBQM2- +H+QHi2 i`KBi2 +H+QHQnMQ`KUVc
h 2 _ +QMi`//BbiBM;mQMQ H2 /Bp2`b2 +m`p2 M2HH H2;2M/ /2H ;`}+QX *m`p2
/Bp2`b2 p2M;QMQ `TT`2b2Mii2 BM mMQ bi2bbQ ;`}+Q- /M/Q T2` b+QMiiQ +?2
bBMQ `2HiBp2 / mM bi2bb `2;BQM2 /B BMi2`2bb2X
a2xBQM2 /2HH .aA
G 7mMxBQM2 pQB/ b2xBQM2n.aAUV bHp- +QM H bBMibbB /B JhG#- mM
b2xBQM2 /2HH .aA bm mM }H2 b2xBQM2XKX Ĕ bii miBHBxxi T2` `2HBxx`2 B
;`}+BX S`K2i`B,
Ç BMi   .aAnbmK, .aAc
Ç BMi qB/i?, H`;?2xx /2HHǶBKK;BM2c
Ç BMi M.BbT, `M;2 /2HH2 /BbT`Bi¨c
Ç *p_2+i _PA, `2;BQM2 /ǶBMi2`2bb2c
Ç *p_2+i _PAn.aA,c
9XjXd 6mMxBQMB mbBHB`B2
6mMxBQMB T2` bHp`2 Q pBbmHBxx`2 HQ biiQ /2HHǶ2H#Q`xBQM2- 2 T2` +`B+`2
BH `BbmHiiQ /B 2H#Q`xBQMB T`2+2/2MiBX A /iB ;2biBiB bQMQ [m2HHB `2HiBpB HH2
/BbT`Bi¨ 2 HH2 Q++HmbBQMBX SQbbQMQ 2bb2`2 bHpiB bB +QK2 }H2 BM 7Q`KiQ
uJG +?2 +QK2 BKK;BMBX
e3*TBiQHQ 8
_BbmHiiB /2HH2 T`Qp2
GǶH;Q`BiKQ +?2 BKTH2K2Mi HQ bT+2@iBK2 bi2`2Q ĕ biiQ K2bbQ HH T`Q@
p +QM /Bp2`bB /ib2i /B BKK;BMB- +[mBbBi2 T`2bbQ BH G#Q`iQ`BQ /B h2+@
MQHQ;B 2 h2H2+QKmMB+xBQMB JmHiBK2/BHB /2H .BT`iBK2MiQ /B AM;2;M2`B
/2HHǶAM7Q`KxBQM2 /2HHǶlMBp2`bBi¨ /B S/Qp U};m` 8XRVX
6B;X 8XR, /BbTQbBiBpQ /B +[mBbBxBQM2 /2HH2 BKK;BMB 2 TT`2++?Bim`
M2+2bb`B HHǶBHHmKBMxBQM2 /2HH b+2MX
A +`Bi2`B /B pHmixBQM2 /B mM KTT /B /BbT`Bi¨ bB #bMQ iBTB+K2Mi2 bmH
+QM7`QMiQ `BbT2iiQ  mM KBbm` TBɍ ++m`i 2 ii2M/B#BH2 U;`QmM/ i`mi?VX .H
KQK2MiQ +?2 HQ bT+2@iBK2 bi2`2Q bB TQM2 +QK2 Q#B2iiBpQ [m2HHQ /B T`Q/m``2
KTT2 /B /BbT`Bi¨ /B 2H2pi [mHBi¨- MQM ĕ BKK2/BiQ TQi2` /BbTQ``2 /B /iB
##biMx T`2+BbB / TQi2` T2`K2ii2`2 mM +QM7`QMiQX 1 BH `B+Q`bQ  /ib2i
`2T2`BiB BM `2i2 UT2` HQ TBɍ `BpQHiB HH pHmixBQM2 /2;HB H;Q`BiKB /B bi2`2Q
eNKi+?BM; T2` mM bQH +QTTB /B BKK;BMBV MQM 7Q`MB`2##2 BM/B+xBQMB miBHB 
;Bm/B+`2 BH bBbi2K /B +[mBbBxBQM2X
LQM /BbTQM2M/Q /B ;`QmM/ i`mi?- Qbb2`pxBQMB TQbbQMQ 2bb2`2 i`ii2 /HHǶ2@
bK2 /2HH +QM;`m2Mx i` H2 KTT2 /2bi` 2 bBMBbi`XR *QK2 ;B¨ Qbb2`piQ
[m2biQ iBTQ /B p2`B}+ ? +QK2 b+QTQ T`BM+BH2 [m2HHQ /B BM/BpB/m`2 B TBt2H
Q++HmbB- pBbB#BHB +BQĕ bQHQ M2HHǶBKK;BM2 mbi +QK2 `B72`BK2MiQX hmiipB-
i`iiM/QbB /2H +QM7`QMiQ i` /BbT`Bi¨ Qii2Mmi2 2H#Q`M/Q BM Q`/BM2 /Bp2`bQ
UBH p2iiQ`2 /2B +QbiB T2` mM TBt2H M2HHǶBKK;BM2 /B bBMBbi` MQM M2 ? mMQ
m;mH2 M2HHǶBKK;BM2 /B /2bi`V K b2+QM/Q mMQ bi2bbQ T`BM+BTBQ- bB TQbbQMQ
i```2 BM/B+xBQMB bmH +QKTQ`iK2MiQ /2H K2iQ/QX
8XR *QMbB/2`xBQMB bmHH b+2Hi /2H /ib2i
lM +QTTB /B BKK;BMB /H /ib2i miBHBxxiQ T2` B /iB T`2b2MiiB BM [m2biQ
+TBiQHQ ĕ KQbi`iQ M2HH };m` 8XkX aB i`ii /B mM b2[m2Mx /B Ryy +QTTB2
/B BKK;BMB #BMQ+mH`B +?2 bQMQ BM `2Hi¨ mM bQiiQBMbB2K2 /B mM b2`B2 /B kyy
+QTTB2- +?2 M2 +QKT`2M/2 Hi`2 +2MiQ /2H iBTQ /B [m2HH2 /B };m` 9Xk- +[mBbBi2
BM T`2b2Mx /B mMǶHi` bQ`;2Mi2 HmKBMQb UQHi`2 H T`QB2iiQ`2VX G2 `;BQMB +?2
;BmbiB}+MQ BH 7mMxBQMK2MiQ /2HHQ bT+2@iBK2 bi2`2Q bm;;2`B`2##2`Q +?2 mM
K;;BQ` MmK2`Q /B BKK;BMB /Qp`2##2 +QM/m``2  mM KTT /B [mHBi¨
KB;HBQ`2X
6B;X 8Xk, mM /2HH2 +2MiQ +QTTB2 /B BKK;BMB /2H /ib2i miBHBxxiQ T2` H2
T`Qp2X
R"Q;mbƈr *v;M2F- CX SmH aB2#2`i M AMi`Q/m+iBQM iQ j. *QKTmi2` oBbBQM
h2+?MB[m2b M/ H;Q`Bi?Kb TX kk3
dyL2H +Q`bQ /2HH2 T`Qp2 bB ĕ Qbb2`piQ +?2 BH /ib2i +QbiBimBiQ /HH2 +2MiQ
BKK;BMB +?2 bB ppH;QMQ /2HH bQH Hm+2 /2H T`QB2iiQ`2 /MMQ mM `BbmHiiQ
KB;HBQ`2 /2HH2 Hi`2 U9-8W /B TBt2H Q++HmbB +QMi`Q 3WVX *Bǁ Tmǁ 2bb2`2 BK@
TmiiQ H K;;BQ`2 +QMi`biQ T`2b2Mi2 M2HH2 BKK;BMB- 2 /B +QMb2;m2Mx HH
K;;BQ`2 p`B#BHBi¨ HmM;Q H b+MHBM2- +?2 ? T2` +QMb2;m2Mx mM mK2M@
iQ /2B +QbiB /2HH2 +Q``BbTQM/2Mx2 b#;HBi2X Zm2bi /Bz2`2Mx i` H2 KTT2
M/`2##2 +QKmM[m2 BM/;i TBɍ BM /2ii;HBQ- MQM 2bb2M/Q /Bzmb- K +QM@
+2Mi`i BM H+mM2 bmT2`}+BX
6B;X 8Xj, /2ii;HBQ /2HH b+2M- +QM 2pB/2MxBxBQM2 /2HH2 Q++HmbBQMB H i2`KBM2
/2HH2 2H#Q`xBQMBX AM HiQ  bBMBbi`, /QTQ 2H#Q`xBQM2 /B kyy BKK;BMB URyy
+QM T`QB2iiQ`2 2 Hm+2 K#B2MiH2 2 Ryy +QM BH bQHQ T`QB2iiQ`2V- b2Mx ;;`2;@
xBQM2 /2B +QbiBX AM HiQ  /2bi`, /QTQ 2H#Q`xBQM2 /B kyy BKK;BMB +QK2
M2H +bQ T`2+2/2Mi2- bmTTQ`iQ jtjX AM #bbQ  bBMBbi`, /QTQ 2H#Q`xBQM2 /B
Ryy BKK;BMB U+QM BH bQHQ T`QB2iiQ`2V- b2Mx ;;`2;xBQM2 /2B +QbiBX AM #b@
bQ  /2bi`, /QTQ 2H#Q`xBQM2 /B Ryy BKK;BMB +QK2 M2H +bQ T`2+2/2Mi2-
bmTTQ`iQ jtjX
AM Q;MB +bQ H /Bp2`b [mHBi¨ /2B /ib2i TQi`2##2 bTB2;`2 M+?2 BH 7iiQ
+?2 HǶ2H#Q`xBQM2 /2HHǶBMbB2K2 /2HH2 kyy +QTTB2 MQM bB BM ;`/Q /B TTQ`i`2
mM bB;MB}+iBpQ KB;HBQ`K2MiQ HH KTT Qii2Mmi +QM H2 +2MiQ +QTTB2 +?2
bB ppH;QMQ /2H bQHQ T`QB2iiQ`2U};m` 8XjVX GǶ2H#Q`xBQM2 BM b2[m2Mx /2HH2
/m2 b2`B2 TQ`i  `BbmHiiB /BT2M/2MiB /HHǶQ`/BM2 /2B /m2 /ib2i, BM mM +bQ
dRT2;;BQ`B 2 M2HHǶHi`Q T`iB+K2Mi2 B/2MiB+B Uy-yRjW TBt2H Q++HmbB BM K2MQV
 [m2HHB Qii2MmiB +QM BH bQHQ T`QB2iiQ`2X S2` [m2bi `;BQM2 bB ĕ T`272`BiQ
miBHBxx`2 H bQH b2[m2Mx /B +mB H };m` 8Xk ĕ mM 2b2KTBQX 1bb2M/Q T2`ǁ
HǶ2bTQbBxBQM2 QiiBKBxxi T2` b7`mii`2 TTB2MQ H ;KK /B HmKBMQbBi¨ M2H
+bQ /B /m2 bQ`;2MiB HmKBMQb2- [m2HH2 +QM BH bQHQ T`QB2iiQ`2 bQMQ 2bTQbi2 BM
KQ/Q iH2 / b7`mii`2 H KbbBKQ K2i¨ /2B k8e HBp2HHB TQbbB#BHB- T2`/2M/Q
+B`+ mM #Bi T2` +Bb+mM +MH2X
8Xk LmK2`Q /B TBt2H M2;iBpB H +`Qbb@+?2+FBM;
G2 };m`2 8X9 2 8X8 KQbi`MQ HǶM/K2MiQ /2H MmK2`Q /B TBt2H +?2 `BbmHiMQ
M2;iBpB H +QMi`QHHQ BM+`Q+BiQ i` H2 /m2 KTT2- 2 +?2 bQMQ [mBM/B 7Q`KH@
K2Mi2 Q++HmbBX aB Qbb2`p mM `TB/ `B/mxBQM2 M2H +Q`bQ /2HHǶ2H#Q`xBQM2
/2HH2 T`BK2 8@e +QTTB2- b2;mBiQ / mM +HQ TBɍ ;`/mH2- +?2 / mM +2`iQ
TmMiQ BM pMiB U+B`+ ky M2H +bQ /B bmTTQ`iQ jtj- 9y M2H +bQ /B +QbiB MQM
;;`2;iBV TQ`i  KB;HBQ`K2MiB 2bi`2KK2Mi2 H2MiB- +?2 b2K#`MQ ``2bi`@
bB /2H imiiQ 2Mi`Q H2 3y +QTTB2 2H#Q`i2X GǶ;;`2;xBQM2 bm mM bmTTQ`iQ
8t8 7Q`MBb+2 +QM #mQM TT`QbbBKxBQM2 BH pHQ`2 HBKBi2 /2HH2 Q++HmbBQMB- H /B
bQiiQ /2H [mH2 MQM ĕ TQbbB#BH2 b+2M/2`2- i`iiM/QbB /B TBt2H 2z2iiBpK2Mi2
Q++HmbB /HH ;2QK2i`B /2HH b+2MX AH MmK2`Q /B TBt2H Q++HmbB /QTQ H T`BK
+QTTB /BKBMmBb+2 +QM HǶHH`;`bB /2H bmTTQ`iQ- K  b+TBiQ /2HH [mHBi¨ /2H
`BbmHiiQX S2` p2`2 mM T2`+2MimH2 /B TBt2H Q++HmbB /2H 8@RyW /QTQ mM bQH
+QTTB bB /2p2 miBHBxx`2 mM bmTTQ`iQ kRtkR- +QM BM++2ii#BHB `B/mxBQM2 /2HH
`BbQHmxBQM2 M2HH2 +QQ`/BMi2 (u,v) 2/ 2``i HQ+HBxxxBQM2 /2HH2 Q++HmbBQMBX
G };m` 8Xe KQbi` /Qp2 bQMQ HQ+HBxxiB B TBt2H Q++HmbB- 2 H KTT /B
/BbT`Bi¨ Qii2Mmi M2B i`2 +bBX / mM T`BKQ 2bK2 `BbmHi +?2 HǶbb2Mx /2HH
7b2 /B ;;`2;xBQM2 /2B +QbiB /2i2`KBM mM K;;BQ`2 T`2+BbBQM2 BM +Q``BbTQM@
/2Mx /2HH2 p`BxBQMB /2HH /BbT`Bi¨ U+QK2 ;B¨ bB 2` pBbiQ T2` BH K2iQ/Q }t2/
rBM/Qrb BM ;2M2`H2V- K2Mi`2 mM bmTTQ`iQ jtj `B/m+2 BH MmK2`Q /B Q++HmbBQMB
[mbB }MQ H HBKBi2 KBMBKQX lM mHi2`BQ`2 KTHBK2MiQ /2H bmTTQ`iQ /2i2`BQ`
H KTT b2Mx /BKBMmB`2 bB;MB}+iBpK2Mi2 BH MmK2`Q /B Q++HmbBQMBX
lM 2bK2 /2HH2 BKK;BMB /B };m` 8Xe KQbi` H T`2b2Mx /B /m2 xQM2
MQKH2 M2HH2 +QTTB2 #BMQ+mH`B U};m` 8XdVX Sm` i`iiM/QbB /B `22 `2HiBp@
K2Mi2 TB++QH2 bB ĕ `BT2imi HǶ2H#Q`xBQM2 bm mM T`i2 /2HH b+2M +?2 H2 2b+Hm@
/2bb2X A `BbmHiiB U};m` 8X3V `B+H+MQ [mHBiiBpK2Mi2 HQ bi2bbQ M/K2MiQ
;B¨ Qbb2`piQX
dk6B;X 8X9, MmK2`Q /B TBt2H M2;iBpB H +QMi`QHHQ BM+`Q+BiQ i` H2 /m2 KTT2
Ud  = d V- BM 7mMxBQM2 /2H MmK2`Q /B +QTTB2 2H#Q`i2 U/ R  RyVX
6B;X 8X8, MmK2`Q /B TBt2H M2;iBpB H +QMi`QHHQ BM+`Q+BiQ i` H2 /m2 KTT2
Ud  = d V- BM 7mMxBQM2 /2H MmK2`Q /B +QTTB2 2H#Q`i2 U/ Ry  RyyVX
dj6B;X 8Xe,  bBMBbi` bQMQ 2pB/2MxBiB M2HHǶBKK;BM2 /B `B72`BK2MiQ U+?2 BM [m2@
biQ ĕ [m2HH bBMBbi` /2HH +QTTB #BMQ+mH`2V B TBt2H Q++HmbB M2HHǶHi`X 
/2bi` H KTT /B /BbT`Bi¨ }MH2X G2 BKK;BMB +Q``BbTQM/QMQ `BbT2iiBp@
K2Mi2- /HHǶHiQ BM #bbQ-  +QbiB MQM ;;`2;iB 2 / ;;`2;xBQM2 /2B +QbiB bm
bmTTQ`iB /B /BK2MbBQMB jtj 2 8t8X
d96B;X 8Xd, MQKHB2 M2H /ib2iX GǶ`2 M2HH +Q`MB+2 p2`/2 MQM ĕ Q++Hmb- K
ĕ BM QK#` `BbT2iiQ H Tii2`M T`QB2iiiQ 2 [mBM/B T`iB+K2Mi2 H #mBQ M2H
/ib2i +?2 miBHBxx H bQH Hm+2 /2H T`QB2iiQ`2X GǶ`2 M2HH +Q`MB+2 +2H2bi2
ĕ Q++Hmb M2HHǶBKK;BM2 /B /2bi` /2HH +QTTB- K BM H+mMB TmMiB MQM `B@
bmHi 2bb2`HQ T2`+?ĕ HǶH;Q`BiKQ i`Qp +Q``BbTQM/2Mx2  #bbQ +QbiQ BM Hi`B
TmMiB /2HH T`2i2 U+?2 bQMQ BMp2+2 pBbB#BHB M2HHǶBKK;BM2 /B /2bi` 2 MQM BM
[m2HH /B bBMBbi`VX GǶ`2 M2HH +Q`MB+2 ;BHH ĕ bii +QMbB/2`i T2` `BT2i2`2
HǶ2H#Q`xBQM2- BM KQ/Q / /2Tm``2 H pHmixBQM2 /2HHQ bT+2@iBK2 bi2`2Q /
[m2bi2 MQKHB2X
d86B;X 8X3, MmK2`Q /B TBt2H M2;iBpB H +QMi`QHHQ BM+`Q+BiQ i` H2 /m2 KTT2
Ud  = d V- BM 7mMxBQM2 /2H MmK2`Q /B +QTTB2 2H#Q`i2 U/ R  Ry BM HiQ- / Ry
 Ryy BM #bbQV- T2` HǶ`2 M2HH +Q`MB+2 ;BHH /B };m` 8XdX
de8Xj oHmixBQM2 /2HH `B+Qbi`mxBQM2 /B mM ;2Q@
K2i`B MQi
GǶ2H#Q`xBQM2 /B mM /ib2i `2HiBpQ  mM b+2M BM +mB bB T`2b2Mi2 mM
TBMQ U};m` 8XNV T2`K2ii2 /B pHmi`2- b2TTm` HBKBiiK2Mi2  +QM/BxBQMB
T`iB+QH`B- H2 T`2bixBQMB BM i2`KBMB bbQHmiBX
6B;X 8XN, H `B+Qbi`mxBQM2 /2HH ;2QK2i`B /2H TBMQ H +2Mi`Q /2HHǶBKK;BM2
T2`K2ii2 mM pHmixBQM2 /2HH T`2+BbBQM2 /2HHǶH;Q`BiKQ
*KTBQMM/Q +QM mM TbbQ /B 8 TBt2H UBM 2Mi`K#2 H2 /B`2xBQMBV B pHQ`B /B
/BbT`Bi¨ M2HHǶ`2 b2H2xBQMi- 2 +H+QHM/Q H2 +QQ`/BMi2 /2B TmMiB  T`iB`2
















bB `B+p i`KBi2 `2;`2bbBQM2 HBM2`2 HǶ2[mxBQM2 /2H TBMQ +?2 +QbiBimBb+2 H
KB;HBQ` TT`QbbBKxBQM2 /2HHǶBMbB2K2 /B TmMiBX G /BbiMx K2/B i` B TmMiB
dd`B+Qbi`mBiB 2 [m2HHB /2H TBMQ +H+QHiQ 7Q`MBb+2 mM KBbm` /2HH T`2+BbBQM2
/2HH `B+Qbi`mxBQM2X GǶ2[mxBQM2 /2H TBMQ Tmǁ 2bb2`2 `B+pi /HH b+QKTQ@





GǶmHiBKQ miQp2iiQ`2 UHǶmHiBK +QHQMMV /B o 7Q`MBb+2 B +Q2{+B2MiB /2HHǶ2[mxBQM2
/2H TBMQ +?2 `BbQHp2 BH T`Q#H2K /2B KBMBKB [m/`iB,
V1,3(x   mx)+V2,3(y   my)+V3,3(z   mz)=0
1bTHB+BiM/Q `BbT2iiQ  z bB `B+p HǶ2bT`2bbBQM2 T2` Qii2M2`2 B pHQ`B biBKiB-




+4@(Knt Knv Knx) Lc
xnT4 tY# vY+c
p;n2``4K2MU#bUxnT@xVVc
:HB 2``Q`B K2/B +H+QHiB bQMQ /B +B`+ R KK miBHBxxM/Q /BbT`Bi¨ +QM
T`2+BbBQM2 bm#TBt2H U+QM mM H2;;2`Q KB;HBQ`K2MiQ M2H +bQ /B +QbiB ;;`2@
;iB bm mM bmTTQ`iQ jtjV 2 9-8 KK +QM /BbT`Bi¨ BMi2`2X AM };m` 8XRy H
pBbmHBxxxBQM2 /2B pHQ`B +H+QHiB HmM;Q mM b+MHBM2- +BQĕ M2HHǶBMi2`b2xBQM2
+QM mM TBMQ Q`BxxQMiH2X h2M2M/Q T`2b2Mi2 H `2HxBQM2 RX9- +?2 2bT`BK2 H
`BbQHmxBQM2 M2H +bQ bB miBHBxxBMQ /BbT`Bi¨ BMi2`2- HǶ2``Q`2 K2/BQ +QKK2bbQ BM




BM ++Q`/Q +QM H2 T`Qp2 2z2iimi2 UM2HH2 [mHB z  R-e8 Kc b =y-Rde3d3 Kc
f =38k-8edVX  T`Bi¨ /B ;2QK2i`B /2HH b+2M 2 /B HmM;?2xx 7Q+H2- HǶmbQ
/B BMi2`TQHxBQM2 bm#TBt2H TQ`i /mM[m2 Ĝ M2H +bQ +QMbB/2`iQ Ĝ  mM 2`@
`Q`2 2[mBpH2Mi2  [m2HHQ +?2 bB b`2##2 Qii2MmiQ mK2MiM/Q H #b2HBM2 /B
mM 7iiQ`2 T`B H `TTQ`iQ i` ;HB 2``Q`B M2B /m2 +bB U+B`+ 9V- b2Mx T2`ǁ
mK2Mi`2 H /BbiQ`bBQM2 T`QbT2iiB+ 2 BH MmK2`Q /B TBt2H Q++HmbBX
d36B;X 8XRy, +QM7`QMiQ i` B pHQ`B /B x `B+Qbi`mBiB +QM /BbT`Bi¨ bm#TBt2H 2 +QM /B@
bT`Bi¨ BMi2` Ub2Mx ;;`2;xBQM2 /2B +QbiBV T2` mM i`iiQ /B b+MHBM2 BMi2`MQ
H TBMQ /B };m` 8XNX
8X9 1pQHmxBQM2 /2HH KTT p2`bQ BH pHQ`2 }@
MH2
GǶM/K2MiQ /2B `BbmHiiB M2H +Q`bQ /2HHǶ2H#Q`xBQM2 T2`K2ii2 /B Qbb2`p`2
/Bp2`b2 p2HQ+Bi¨ /B +QMp2`;2Mx- /BT2M/2MiB /HH bmT2`}+B2 +QMbB/2`iX
*QMbB/2`M/Q / 2b2KTBQ mMǶ`2 2bi2b /2HH T`2i2 /B 7QM/Q- BH MmK2`Q
/B TBt2H +?2 `BbmHiMQ Q++HmbB +QMp2`;QMQ  x2`Q `TB/K2Mi2 U/QTQ Rk Bi2@
`xBQMB BM bb2Mx /B ;;`2;xBQM2 2 9 Bi2`xBQMB T2` BH bmTTQ`iQ jtjVX G
/BbiMx K2/B /B pHQ`B }MHB b+2M/2 bQiiQ BH [m`iQ /B TBt2H /QTQ 8@d +QT@
TB2 /B BKK;BMB- +QK2 ppB2M2 M+?2 T2` H KTT ;HQ#HK2Mi2 +QMbB/2`iX
S2` Hi`2 `22 BH MmK2`Q /B +QTTB2 M2+2bb`B2 ĕ bmT2`BQ`2, T2` H `2;BQM2 M2HH
+Q`MB+2 p2`/2 /B };m` 8XRR bQMQ / 2b2KTBQ M2+2bb`B2 ky Q 9y +QTTB2 U
b2+QM/ /2HH /BK2MbBQM2 /2H bmTTQ`iQV +QM T2`KM2Mx /B TBt2H Q++HmbB M2H
+bQ /B bmTTQ`iQ +QBM+B/2Mi2 +QM mM TBt2H U};m` 8XeVX .H KQK2MiQ +?2 H
+QMp2`;2Mx ĕ 7pQ`Bi /HHǶBHHmKBMxBQM2 /2H T`QB2iiQ`2- ĕ Mim`H2 +?2 2bb
bB TBɍ H2Mi /Qp2 BH Tii2`M ĕ K2MQ pBbB#BH2- +QK2 H bmT2`}+B2 QT+ KQHiQ
dNb+m`- +QK2 [m2HH +QMbB/2`iX
6B;X 8XRR, H p2HQ+Bi¨ /2HHǶ2pQHmxBQM2 p2`bQ BH pHQ`2 }MH2 BM `22 /Bp2`b2
TT`2 +QMb2;m2Mx /2HHǶiiBim/BM2 /B mM bmT2`}+B2  `B~2ii2`2 BH Tii2`M,
`TB/ M2HHǶ`2 /2Mi`Q H +Q`MB+2 ;BHH- TBɍ H2Mi M2HHǶ`2 /2Mi`Q H +Q`MB+2
`Qbb 2 KQHiQ H2Mi U+QM T2`KM2Mx /B Q++HmbBQMBV M2HHǶ`2 M2HH +Q`MB+2
p2`/2X
GQ bi2bbQ 72MQK2MQ bB Tmǁ `Bb+QMi``2 bmHH2 bmT2`}+B H +mB MQ`KH2 7Q`K
mM M;QHQ   T`QbbBKQ   /2- `BbT2iiQ H 7b+BQ T`QB2iiiQ- /H KQK2MiQ +?2
HǶBMi2MbBi¨ `BbmHi `B/Qii /B mM 7iiQ`2 cos X AM [m2biQ +bQ ĕ +QM+QKBiMi2
HǶ2z2iiQ /2HH /BbiQ`bBQM2 T`QbT2iiB+- +?2 `B/m+2 H bQKB;HBMx i` H2 `22
UR8@ky Bi2`xBQMB T2` b+2M/2`2 H /B bQiiQ /B mM [m`iQ /B TBt2H /H pHQ`2
}MH2 M2HH `2;BQM2 /2Mi`Q HH +Q`MB+2 p2`/2VX
8X8 *QM+HmbBQMB
GǶH;Q`BiKQ `2HBxxiQ `BbmHi BM ;`/Q /B T`Q/m``2 KTT2 /B /BbT`Bi¨ /
2H2pi `BbQHmxBQM2 M2HH2 +QQ`/BMi2 /2HHǶBKK;BM2- ;`xB2 HH pHmixBQM2 bm
bmTTQ`iB TB++QHB /2HH2 bQKB;HBMx2 i` TBt2HX GǶ;;`2;xBQM2 /2B +QbiB HmM;Q H
/BK2MbBQM2 i2KTQ`H2 ;`MiBb+2 +QKmM[m2 mM #bbQ MmK2`Q /B TBt2H Q++HmbB-
`B/m+2M/Q BH +QKT`QK2bbQ i` MmK2`Q /B Q++HmbBQMB 2 `BbQHmxBQM2 HH b+2Hi i`
3yB bQHB bmTTQ`iB /B ;;`2;xBQM2 /B /BK2MbBQM2 R TBt2H Q jtj TBt2HX AM ;;BmMi
HǶBMi2`TQHxBQM2 bm#TBt2H /2HH /BbT`Bi¨ /2i2`KBM mM KB;HBQ`K2MiQ /2HH
`BbQHmxBQM2 M+?2 HmM;Q HǶbb2 zX
3R3k"B#HBQ;`}
(R) _B+?`/ ax2HBbFBX *QKTmi2` oBbBQM, H;Q`Bi?Kb M/ TTHB+iBQMbX
a2Ti2K#2` j- kyRy /`7i- kyRy aT`BM;2`X
(k) "Q;mbHr *v;M2F 2 CX SmH aB2#2`iX M AMi`Q/m+iBQM iQ j. *QKTmi2`
oBbBQM h2+?MB[m2b M/ H;Q`Bi?KbX kyyN CQ?M qBH2v  aQMb- Gi/X
(j) M/`2 6mbB2HHQX oBbBQM2 *QKTmixBQMH2X TTmMiB /2HH2 H2xBQMBX kyyNX
(9) *`bi2M ai2;2`- J`Fmb lH`B+? 2 *?`BbiBM qB2/2KMMX J+?BM2 oBbBQM
H;Q`Bi?Kb M/ TTHB+iBQMbX kyy3- qBH2v@o*>X
(8) :`v "`/bFB 2 /`BM E2?H2`X G2`MBM; PT2M*oX kyy3 P _2BHHv J2/B-
AM+X
(e) "`BM *m`H2bb 2 J`+ G2pQvX "2ii2` PTiB+H h`BM;mHiBQM i?`Qm;? aT@
+2iBK2 MHvbBbX A111 AMiǶi *QM72`2M+2 QM *QKTmi2` oBbBQM ǶN8- TTX
N3d@NN9- CmM2- RNN8X
(d) GB w?M;- "`BM *m`H2bb 2 ai2p2M JX a2BixX aT+2iBK2 ai2`2Q, a?@
T2 _2+Qp2`v 7Q` .vMKB+ a+2M2bX S`Q+X *QKTmi2` oBbBQM M/ Sii2`M
_2+Q;MBiBQM- kyyjX
(3) CK2b .pBb- .B2;Q L2?#- _pB _KKQQ`i?B 2 axvKQM _mbBMFB2rB+xX
aT+2iBK2 ai2`2Q,  lMB7vBM; 6`K2rQ`F 7Q` .2Ti? 7`QK h`BM;mHiBQMX
A111 h`Mb+iBQMb QM Sii2`M MHvbBb M/ J+?BM2 AMi2HHB;2M+2- oQHX
kd- LQX k- 62#`m`v kyy8X
(N) .MB2H a+?`bi2BM 2 _B+?`/ ax2HBbFBX >B;?@++m`+v ai2`2Q .2Ti? JTb
lbBM; ai`m+im`2/ GB;?iX A111 *QKTmi2` aQ+B2iv *QM72`2M+2 QM *QK@
Tmi2` oBbBQM M/ Sii2`M _2+Q;MBiBQM U*oS_ kyyjV- pQHmK2 R- T;2b
RN8 kyk- J/BbQM- qA- CmM2 kyyjX
(Ry) .MB2H a+?`bi2BM 2 _B+?`/ ax2HBbFBX  htQMQKv M/ 1pHmiBQM Q7
.2Mb2 hrQ@6`K2 ai2`2Q *Q``2bTQM/2M+2 H;Q`Bi?KbX
3j(RR) 62/2`B+Q hQK#`B- ai27MQ JiiQ++B- GmB;B .B ai27MQ 2 1HBb //B@
KM/X *HbbB}+iBQM M/ 2pHmiBQM Q7 +Qbi ;;`2;iBQM K2i?Q/b 7Q`
bi2`2Q +Q``2bTQM/2M+2X
(Rk) EmF@CBM uQQM 2 AM aQ Er2QMX /TiBp2 amTTQ`i@q2B;?i TT`Q+? 7Q`
*Q``2bTQM/2M+2 a2`+?X A111 h`Mb+iBQMb QM Sii2`M MHvbBb M/
J+?BM2 AMi2HHB;2M+2- oQHX k3- LQX 9- T`BH kyyeX
39_BM;`xBK2MiB
aB `BM;`xBMQ BH T`Q72bbQ` ai27MQ JiiQ++B /2HHǶlMBp2`bBi¨ /B "QHQ;M- T2`
p2` K2bbQ  /BbTQbBxBQM2 BH +Q/B+2 T2` +H+QH`2 BH .aA- 2 *`HQ .H JmiiQ
/2HHǶlMBp2`bBi¨ /B S/Qp- T2` H2 BM/B+xBQMB TxB2Mi2K2Mi2 7Q`MBi2X
38